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SUMMARY

The goal of many prediction tasks in machine learning is to learn a prediction function that
minimizes certain loss metrics (e.g., zero-one, ordinal, and cost-sensitive loss) or maximizes
certain performance metrics (e.g., accuracy, precision, recall, F1-score, and ROC curve) on the
testing dataset. Unfortunately, optimizing these metrics directly via empirical risk minimization
is known to be intractable. In practice, convex surrogate losses over the desired metrics are
needed in order to build efficient learning algorithms with the hope that optimizing the convex
surrogates will indirectly optimize the original metrics given sufficient training data.

Probabilistic and large-margin approaches are two popular paradigms for constructing learn-
ing algorithms that differ in the way they construct convex surrogate losses. Probabilistic ap-
proaches construct prediction probability models and employ the logistic loss as the convex
surrogate. Large-margin approaches aim to maximize the margin that separates correct pre-
dictions from incorrect ones and use the hinge loss for the convex surrogate construction. Both
approaches have their own strengths and weaknesses. The probabilistic approaches enjoy the
statistical guarantee of Fisher consistency, meaning it optimizes the desired performance/loss
metric and produces Bayes optimal classifiers when they learn from any true distribution of
data using a rich feature representation. The large-margin approaches enjoy the computational
efficiency and also the flexibility of aligning the optimization algorithm with the desired perfor-
mance/loss metrics. However, in many cases, probabilistic approaches do not have a mechanism

to easily incorporate customized performance/loss metrics into their learning process, whereas
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SUMMARY (Continued)

large-margin models do not have Fisher consistency guarantees in general (except for the bi-
nary classification case and a few multiclass formulations). This motivates the search for new
approaches that overcome the weaknesses of the probabilistic and large-margin methods.

This thesis addresses the challenges above by constructing new learning algorithms that
simultaneously satisfy the desired properties of: (1) aligning with the learning objective by in-
corporating customized performance/loss metrics into the learning process; (2) providing the
statistical guarantee of Fisher consistency; (3) enjoying computational efficiency; and (4) per-
forming competitively in practice. Our approach for constructing the learning algorithms is
based on the robust adversarial formulation, i.e., by focusing on answering the question: “what
predictor best mazximizes the performance metric (or minimizes the loss metric) in the worst
case given the statistical summaries of the empirical distributions?” We focus on two different
areas of machine learning: general multiclass classification and structured prediction. In both

areas, we demonstrate the theoretical and practical benefit of our methods.
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CHAPTER 1

INTRODUCTION

1.1 Machine Learning Tasks

Machine learning has been successfully implemented in many real world applications in
different areas. From understanding the meaning of text (Cohn and Blunsom, 2005; |Chen et
al., 2017; Tang et al., 2016) and translating languages (Vaswani et al., 2018; |Lample et al., 2018])
in the domain of natural language processing or classifying and segmenting images in the domain
of computer vision (Hu et al., 2018; |Lin et al., 2018} |(Chen et al., 2018)), to predicting diseases
(Purushotham et al., 2018; Menegola et al., 2017; |Rakhlin et al., 2018) and conducting science
experiments (Regier et al., 2015; |Albertsson et al., 2018]), machine learning provides tools that
help solve these tasks. In many of these prediction tasks, the goal of machine learning algorithms
is to learn a prediction function that minimizes certain loss metrics (e.g., zero-one, ordinal, and
cost-sensitive loss) or maximizes certain performance metrics (e.g., accuracy, precision, recall,
Fl-score, and ROC curve) on the testing dataset.

The accuracy performance metric (or the zero-one loss metric) is the most widely used
metric for classification tasks where a learning algorithm needs to choose a prediction from a
finite set of class labels. Some of the example of this classification task are classifying images
and predicting whether a patient has a particular disease. In some tasks where the class label

has an inherent order (e.g., poor, fair, good, very good, and excellent labels), ordinal loss



metrics such as the absolute and square losses are often used (Pedregosa et al., 2017). Many
application tasks where the number of samples in some classes are imbalance (for example,
the task of predicting diseases in health and medicine areas, and several tasks in information
retrieval area), the accuracy metric is unsatisfactory. More appropriate metrics such as the
F-score metric (which is based on precision and recall metrics), the area under the ROC curve
metric, or cost-sensitive loss metrics are often preferred to evaluate the performance of learning
algorithms in these tasks (He and Ma, 2013)).

One of the popular principles in designing learning algorithms is empirical risk minimiza-
tion (ERM) (Vapnik, 1992). The ERM framework suggests finding a classifier that minimizes
the risk with respect to the training data, which is the expected value of the loss metric (or
performance metric) produced by a classifier. In practice, it is common to use a modification of
the ERM framework called the structured risk minimization (SRM) framework, which considers
the balance between minimizing the risk and generalization error by penalizing the model com-
plexity (Vapnik, 1992). Unfortunately, since most of the loss/performance metrics are discrete,
non-convex, and non-continuous, optimizing these metrics directly via empirical /structural risk
minimization is known to be intractable once the set of hypotheses is (parametrically) restricted
(e.g., as a linear function of input features) (Hoffgen et al., 1995} Steinwart and Christmann,
2008). To avoid this intractability, many machine learning models employ convex surrogate
losses over the desired metric in order to build efficient learning algorithms with the hope that
optimizing the convex surrogate will indirectly optimize the original metric given sufficient

training data.



1.2 Two Major Paradigms in Machine Learning

Many different machine learning models can be categorized based on the way they construct
their convex surrogate loss. Among the most popular paradigms are probabilistic approaches
and large-margin approaches. Probabilistic approaches construct predictive probability distri-
butions and employ the logistic loss as the convex surrogate. Large-margin approaches aim to
maximize the margin that separates correct predictions from the incorrect ones and use the
hinge loss for the convex surrogate’s construction.

Both paradigms have produced many machine learning models with different characteristics
for many different tasks. In the most basic binary classification task, probabilistic and large-
margin approaches produce two of the most widely used machine learning models, the logistic
regression model (Cox, 1958)) and the support vector machine (SVM) model (Cortes and Vapnik,
1995) respectively. The probabilistic approach extends naturally to the multiclass classification
task as multinomial logistic regression (McCullagh and Nelder, 1989). On the contrary, there
are many competing formulations of the large-margin approach for multiclass classification
(Weston et al., 1999; |(Crammer and Singer, 2002; Lee et al., 2004; Dogan et al., 2016|). In the
ordinal classification task, many extensions from binary classification have been proposed for
both probabilistic and large-margin approaches (Shashua and Levin, 2003; |Chu and Keerthi,
2005; |[Rennie and Srebro, 2005)). For more complex loss/performance metrics, the large margin
approach is more commonly used with the introduction of SVMPf (Joachims, 2005, which is an
extension of the SVM algorithm that accepts custom performance metrics. Both probabilistic

and large-margin approaches can also be combined with neural networks and deep learning



approaches where the convex surrogate losses produced by the probabilistic and large-margin
approaches are used as the last layer (output unit) in the network architecture. In practice,
though, the probabilistic approaches are more popular than the large-margin approach in neural
network constructions (Goodfellow et al., 2016).

In the tasks of structured prediction and graphical models, where a learning algorithm
needs to predict multiple variables simultaneously by considering the relationship among the
variables, the probabilistic approach provides a tool to model the independence properties
among the variables. This results in several probabilistic models, e.g., hidden Markov models
(HMM) (Baum and Petrie, 1966) and conditional random fields (CRF) (Lafferty et al., 2001)),
that differ in the way they encode independence properties. On the other hand, the large-margin
approach extends the formulation of multiclass SVM to structured prediction problems. Two
main formulations in this approach are the maximum margin Markov network (M3N) (Taskar

et al., 2005a)) and the structured support vector machine (SSVM) (Tsochantaridis et al., 2005).

1.3 Strengths and Weaknesses

The probabilistic and large-margin paradigms offer two different ways to construct convex
surrogate losses for many prediction tasks. Each paradigm come with its own strengths and
weaknesses. In the case of multiclass classification, for example, the probabilistic approach
(logistic regression) enjoys the statistical guarantee of Fisher consistency, meaning it optimizes
the accuracy metric and produces Bayes optimal classifiers when they learn from any true
distribution of data using a rich feature representation (Bartlett et al., 2006). On the other

hand, the large-margin approach (SVM) enjoys computational efficiency via the kernel trick



and dual parameter sparsity (Cortes and Vapnik, 1995). However, many formulations of the
large-margin approach suffer from Fisher consistency issues (Tewari and Bartlett, 2007} Liu,
2007; Dogan et al., 2016|), while the probabilistic approach does not have dual parameter sparsity
(Zhu and Hastie, 2002]).

When generalized to structured prediction, probabilistic methods such as conditional ran-
dom field (CRF) (Lafferty et al., 2001) capture probabilistic structures in the model (which
translates to Fisher consistency guarantees), with the downside that the computation of the
normalization term may be intractable. The other weakness of probabilistic methods is that
they do not have an easy mechanism to incorporate customized performance/loss metrics into
their learning process, which is important in many structured prediction settings. Large-margin
models like structured SVM (SSVM) (Tsochantaridis et al., 2005) have the flexibility to align
with the desired performance/loss metric (by incorporating it into the learning process), but

the Fisher consistency property is not guaranteed.

1.4 Combining the Best of Both Worlds

The weaknesses of the probabilistic and large-margin paradigms motivate us to search for a
new approach that overcome these problems. In particular, we are interested in combining the
performance-aligned property of the large-margin methods and the statistical guarantee of the
probabilistic models.

This thesis addresses these challenges by constructing new learning algorithms that simulta-
neously satisfy the desired properties of: (1) aligning with the learning objective by incorporating

customized performance/loss metrics into the learning process; (2) providing the statistical guar-



antee of Fisher consistency; (3) enjoying computational efficiency; and (4) performing competi-
tively in practice. Our approach for constructing the learning algorithms is based on the robust
adversarial formulation (Topsge, 1979; Grunwald and Dawid, 2004; |Delage and Ye, 2010; |Asif
et al., 2015), i.e., by focusing on answering the question: “what predictor best maximizes the
performance metric (or minimizes the loss metric) in the worst case given the statistical sum-
maries of the empirical distributions?” In this thesis, we show that this predictor satisfies the
desired properties of learning algorithms above. We focus on two different areas of machine

learning: general multiclass classification and structured prediction.

1.5 Thesis Outline

To demonstrate the formulations, theoretical properties, optimization algorithms and prac-
tical benefits of our learning algorithms, we divide our contributions into three chapters:

e Chapter [2} Performance-Aligned Surrogate Losses for General Multiclass Classification.

e Chapter [3} Performance-Aligned Adversarial Graphical Models.

e Chapter [4 Adversarial Bipartite Matching in Graphs.

The first and the last chapters serve as the introduction to the topic of this thesis and the

overall conclusion of the thesis respectively.
Performance-Aligned Surrogate Losses for General Multiclass Classification
Our first focus is in general multiclass classification, i.e., multiclass classification with an

arbitrary loss metric. We start with the adversarial learning formulation for general multiclass

classification problem that can be aligned with the desired loss metric. We then take a dual



perspective of the formulation and view it as a surrogate loss over the desired loss metric. We
derive compact forms of surrogate losses for several metrics (including the zero-one, absolute,
squared, and abstention loss metric), and construct efficient algorithms to compute the surrogate
losses. For theoretical justification, we show that our surrogate losses satisfy the statistical
guarantee of Fisher consistency. We develop efficient optimization algorithms as well as a
way to incorporate richer feature spaces via the kernel trick. Finally, we demonstrate the

effectiveness of our models in several prediction tasks.

Performance-Aligned Adversarial Graphical Models

We next move to structured prediction problems—specifically—prediction tasks in which the
relation among predicted variables are represented in a graph. We compare our approach with
CRF and structured SVM (SSVM) predictors. The CRF has the advantage of Fisher consistency
but cannot be easily aligned with custom performance/loss metrics, whereas the SSVM can
easily align with the metric but without consistency guarantee. We extend our adversarial
formulation for multiclass classification to the graphical model problems. To avoid the need for
computing over exponentially many possible label values in structured prediction, we formulate
our optimization in terms of the node and edge marginal distributions in the graphical structure.
This results in a learning algorithm that has runtime complexity competitive with the CRF and
SSVM. Our formulation can be aligned with any loss metrics that additively decompose over
the nodes in the graph. We show that our approach enjoys the Fisher consistency guarantee as
in the CRF. We then demonstrate the benefit of our methods in two different prediction tasks:

the first one is over chain structures, and the second one is over tree structures.



Adversarial Bipartite Matching in Graphs

The bipartite matching task is a special case of graphical model where we have two equally-
sized sets of nodes, and aim to model the one-to-one correspondence between the nodes in the
first set with the nodes in the second set. The task is usually formulated as modelling per-
mutations that corresponds to the matching assignments. The CRF model, though possessing
desirable consistency properties, is known to be intractable in this task due to the need of
computing the matrix permanent (a #P-hard problem) in the computation of its normalization
term. Consequently, for a modestly size problem, one needs to employ approximations in order
to apply the method. The SSVM, on the other hand, has a polynomial time algorithm for
computing the most violated constraints in its optimization, leading to an overall polynomial
time complexity. However, as in the standard graphical model, the consistency of SSVM is
not guaranteed. We focus on optimizing the Hamming loss metric in our bipartite matching
formulation. Using a similar marginal formulation technique, we formulate an efficient learning
algorithm for this task. We also show the Fisher consistency of our method. We demonstrate
the benefit of our consistent method compared to the SSVM model in several bipartite match-
ing tasks. In some of some of these prediction tasks, running the CRF is impractical due the

size of the problems.



CHAPTER 2

PERFORMANCE-ALIGNED SURROGATE LOSSES FOR GENERAL

MULTICLASS CLASSIFICATION

(Parts of this chapter were previously published as “Adversarial Multiclass Classification:
A Risk Minimization Perspective” (Fathony et al., 2016) in the Advances in Neural Information
Processing Systems 29 (NIPS 2016), as “Adversarial Surrogate Losses for Ordinal Regression”
(Fathony et al., 2017)) in the Advances in Neural Information Processing Systems 30 (NIPS
2017), and as “Consistent Robust Adversarial Prediction for General Multiclass Classification”

(Fathony et al., 2018c¢) in arXiv preprint arXiv:1812.07526.)

2.1 Introduction

Multiclass classification is a canonical machine learning task in which a predictor chooses
a predicted label from a finite number of possible class labels. For many application domains,
the penalty for making an incorrect prediction is defined by a loss function that depends on
the value of the predicted label and the true label. Zero-one loss classification where the
predictor suffers a loss of one when making incorrect prediction or zero otherwise and ordinal
classification (also known as ordinal regression) where the predictor suffers a loss that increases
as the prediction moves farther away from the true label are the examples of the multiclass

classification problems.
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Empirical risk minimization (ERM) (Vapnik, 1992)) is a standard approach for solving gen-
eral multiclass classification problems by finding the classifier that minimizes a loss metric over
the training data. However, since directly minimizing this loss over training data within the
ERM framework is generally NP-hard once the set of hypotheses is (parametrically) restricted
(e.g., as a linear function of input features) (Hoffgen et al., 1995} Steinwart and Christmann,
2008]), convex surrogate losses that can be efficiently optimized are employed to approximate
the loss. Constructing surrogate losses for binary classification has been well studied, resulting
in surrogate losses that enjoy desirable theoretical properties and good performance in prac-
tice. Among the popular examples are the logarithmic loss, which is minimized by the logistic
regression classifier (Cox, 1958), and the hinge loss, which is minimized by the support vector
machine (SVM) (Boser et al., 1992; Cortes and Vapnik, 1995). Both surrogate losses are Fisher
consistent (Lin, 2002; Bartlett et al., 2006) for binary classification, meaning they minimize the
zero-one loss and yield the Bayes optimal decision when they learn from any true distribution
of data using a sufficiently rich feature representation. SVMs provide the additional advan-
tage that when combined with kernel methods, extremely rich feature representations can be
efficiently incorporated.

Unfortunately, generalizing the hinge loss to multiclass classification tasks with more than
two labels in a theoretically-sound manner is challenging. In the case of multiclass zero-one loss
for example, existing extensions of the hinge loss to multiclass convex surrogates (Crammer and
Singer, 2002; Weston et al., 1999; |Lee et al., 2004)) tend to lose their Fisher consistency guar-

antees (Tewari and Bartlett, 2007} |Liu, 2007) or produce low accuracy predictions in practice
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(Dogan et al., 2016)). In the case of multiclass ordinal classification, surrogate losses are usually
constructed by transforming the binary hinge loss to take into account the different penalties
of the ordinal regression problem using thresholding methods (Shashua and Levin, 2003} |(Chu
and Keerthi, 2005 Lin and Li, 2006; Rennie and Srebro, 2005; Li and Lin, 2007)), or sample
re-weighting methods (Li and Lin, 2007). Many methods for other general multiclass problems
also rely on similar transformations of the binary hinge loss to construct convex surrogates
(Binder et al., 2012; Ramaswamy et al., 2018; Lin, 2014). Empirical evaluations have compared
the appropriateness of different surrogate losses for general multiclass classification, but these
still leave the possibility of undiscovered surrogates that align better with the original multiclass
classification loss.

To address these limitations, we propose a robust adversarial prediction framework that
seeks the most robust (Griunwald and Dawid, 2004; [Delage and Ye, 2010) prediction distri-
bution that minimizes the loss metric in the worst-case given statistical summaries of the
empirical distributions. We replace the empirical training data for evaluating our predictor
with an adversary that is free to choose an evaluating distribution from the set of distributions
that (approximately) match the statistical summaries of empirical training data via moment
matching constraints of the features. Although the optimized loss metrics are non-convex and
non-continuous, we show that the dual formulation of the framework is a convex empirical
risk minimization model with a prescribed convex surrogate loss that we call the adversarial

surrogate loss.
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We develop algorithms to compute the adversarial surrogate losses efficiently: linear time
for ordinal classification with the absolute loss metric, quasilinear time for the zero-one loss
metric, and linear program-based algorithm for more general loss metrics. We show that the
adversarial surrogate losses fill the existing gap in surrogate loss construction for general multi-
class classification problems by simultaneously: (1) aligning better with the original multiclass
loss metric, since optimizing the surrogate loss is equivalent with optimizing the original loss
metric in the primal adversarial prediction formulation; (2) guaranteeing Fisher consistency;
(3) enabling computational efficiency in a rich feature representation via the kernel trick; and

(4) providing competitive performance in practice.

2.2 Preliminaries and Related Works

In multiclass classification problems, the predictor needs to predict a variable by choosing
one class from a finite set of possible class labels. The most popular form of multiclass classi-
fication uses zero-one loss metric minimization as the objective. This loss metric penalizes all
mistakes equally with a loss of one for incorrect predictions and zero loss otherwise. In fact,
the term “multiclass classification” itself, is widely used to refer to this specific variant that
uses the zero-one loss as the objective. We refer to “general multiclass classification” as the
multiclass classification task that can use any loss metric defined based on the predictor’s label

prediction and the true label in this work.

2.2.1 General Multiclass Classification

In a general multiclass classification problem, the predictor is provided with training ex-

amples that are pairs of training data and labels {(x1,91),...,(Xn,yn)} drawn ii.d. from a
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A

distribution D on X x ), where X is the feature space and Y = [k] = {1,...,k} is a finite set
of class labels. For a given data point x, the predictor has to provide a class label prediction
geT=1]%2{1,...,1}. Although the set of prediction labels 7 is usually the same as the set
of ground truth labels ), we also consider settings in which they differ. A multiclass loss metric
loss(g,y) : T x Y — [0,00), denotes the loss incurred by predicting § when the true label is y.
The loss metric, loss(y,y), is also commonly written as a loss matrix L € ]R{Z_Xk (in this case,
R4 refers to [0,00)), where the value of a matrix cell in i-th row and j-th column corresponds
to the value of loss(g,y) when § = i and y = j. Some examples of the loss metrics for general

multiclass classification problems are:

1. Zero-one loss metric. The predictor suffers one loss if its prediction is not the same as

the true label, otherwise it suffers zero loss, loss® (7, y) = I(§ # y).

2. Ordinal classification with absolute loss metric. The predictor suffers a loss that
increases as the prediction moves farther away from the true label. A canonical example

for ordinal classification loss metric is the absolute loss, loss®™ (4, 4) = | — y|.

3. Ordinal classification with squared loss metric. The squared loss metric, defined

as: 1oss*4(7,y) = (§ — y)?, is also popular for evaluating ordinal classification predictions.

4. Classification with abstention. In this prediction setting, a standard zero-one loss
metric is used. However, the predictor has an additional prediction option to abstain
from making a label prediction. Hence, 7 # ) in this setting. A constant penalty « is

incurred whenever the predictor chooses to use the abstain option.
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Example loss matrices for these classification problems are shown in

01111 01 2 3 4 0 1 4 9 16 (1)(1)1}}
10111 10123 1 014 9 L1011
11011 2 101 2 4 101 4 L1101
11101 32101 9 410 1 L1110
11110 43210 16 9 4 1 0 L1 11

L2 2 2 2 2

(a)

—
=3
=

()

—~
o
=

Figure 1. Examples of the loss matrices for general multiclass classification when the number
of class labels is 5 and the loss metric is: the zero-one loss (a), ordinal regression with the
absolute loss (b), ordinal regression with the squared loss (c), and classification with abstention

and o = 1 (d).

2.2.2  Empirical Risk Minimization and Fisher Consistency

A standard approach to parametric classification is to assume some functional form for the
classifier (e.g., a linear discriminant function, gy(x) = argmax, 07¢(x,y), where ¢(x,y) € R™

is a feature function) and then select model parameters 6 that minimize the empirical risk,

argminEx y._p loss (5(X), V)] + A ]| (2.1)
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Figure 2. Convex surrogates for the zero-one loss.

with a regularization penalty A||6|| often added to avoid overfitting to available training data[|
Unfortunately, many combinations of classification functions, g(x), and loss metrics, do not
lend themselves to efficient parameter optimization under the empirical risk minimization
(ERM) formulation. For example, the zero-one loss measuring the misclassification rate will
generally lead to a non-convex empirical risk minimization problem that is NP-hard to solve
(Hoffgen et al., 1995).

To avoid these intractabilities, convex surrogate loss functions that serve as upper
bounds on the desired loss metric are often used to create tractable optimization objectives.
The popular support vector machine (SVM) classifier (Cortes and Vapnik, 1995), for example,

employs the hinge-loss—an upper bound on the zero-one loss—to avoid the often-intractable

'Lowercase non-bold, x, and bold, x, denote scalar and vector values, and capitals, X or X, denote
random variables.
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empirical risk minimization problem. The logistic regression classifier (McCullagh and Nelder,
1989) performs a probabilistic prediction by minimizing the logarithmic loss, whereas Adaboost
(Freund and Schapire, 1997)) incrementally minimizes the exponential loss.

There are many ways to construct convex surrogate loss functions for a given loss metric that
we want to optimize. An important property for theoretically guaranteeing optimal prediction is
Fisher consistency. It requires a learning method to produce Bayes optimal predictions which
minimize the expected loss of this distribution, § € argmax,, Eyp[loss(y’,Y’)] under ideal
learning conditions (trained from the true data distribution P(Y|X) using a fully expressive
feature representation). Fisher consistency property guarantees that a learning algorithm (i.e.
surrogate loss) reaches the optimal prediction under the original loss metric in the limit. A
technique to characterize the Fisher consistency of surrogate losses for the multiclass zero-
one loss metric has been developed using the “classification calibration” concept (Tewari and
Bartlett, 2007), which then been extended to general multiclass loss metrics (Ramaswamy and

Agarwal, 2012; Ramaswamy and Agarwal, 2016).

2.2.3 Multiclass Classification Methods

A variety of methods have been proposed to address the general multiclass classification
problem. Most of the methods can be viewed as optimizing surrogate losses that come from
the extension of binary surrogate loss, e.g., hinge loss (used by SVM), logistic loss (used by
logistic regression) and exponential loss (used by AdaBoost), to general multiclass cases. We

narrow our focus over this broad range of methods found in the related work to those that
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can be viewed as empirical risk minimization methods with piece-wise convex surrogates (i.e.

generalized hinge loss / generalized SVM), which are more closely related to our approach.

2.2.3.1 Multiclass Zero-one Classification

The multiclass support vector machine (SVM) seeks class-based potentials f,(x) for each
input vector x € X and class y € ) so that the discriminant function, gr(x) = argmax, f,(x),
minimizes misclassification errors, loss¢(x,y) = I(y # J¢(x)). Many methods have been pro-
posed to generalize SVM to the multiclass setting. Apart from the one-vs-all and one-vs-one

decomposed formulations (Deng et al., 2012), there are three main joint formulations:

1. The WW model (Weston et al., 1999), which incorporates the sum of hinge losses for all

alternative labels,

lossww (%, ) = 34, [+ (%) = £, ()] (2.2)

2. The CS model (Crammer and Singer, 2002), which uses the hinge loss of only the largest

alternative label,

losscs(x,y) = maxj, [1 4+ (fj(x) — fy(x))]Jr : and (2.3)

3. The LLW model (Lee et al., 2004), which employs an absolute hinge loss,

losspiw (%, y) = >, 1+ fi(x)], (2.4)
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and a constraint that 3, f;(x) = 0.

The former two models (the CS and WW) both utilize the pairwise class-based potential dif-
ferences f;(x) — fy(x) and are therefore categorized as relative margin methods. The LLW, on
the other hand, is an absolute margin method that only relates to f;(x) (Dogan et al., 2016).
Fisher consistency, or Bayes consistency (Bartlett et al., 2006; Tewari and Bartlett, 2007)),
guarantees that minimization of a surrogate loss under the true distribution provides the Bayes-
optimal classifier, i.e., minimizes the zero-one loss. Among these methods, only the LLW method
is Fisher consistent (Lee et al., 2004} Tewari and Bartlett, 2007; Liu, 2007). However, the LLW’s
use of an absolute margin in the loss (rather than the relative margin of the WW and CS) often
causes it to perform poorly for datasets with low dimensional feature spaces (Dogan et al.,
2016)). From the opposite direction, the requirements for Fisher consistency have been well-
characterized (Tewari and Bartlett, 2007)), yet this has not led to a multiclass classifier that is

Fisher consistent and performs well in practice.

2.2.3.2 Multiclass Ordinal Classification

Existing techniques for ordinal classification that optimize piece-wise convex surrogates can

be categorized into three groups as follows.

1. Threshold methods for ordinal classification.

A~

Threshold methods treat the ordinal response variable, f £

W - X, as a continuous real-
valued variable and introduce k — 1 thresholds 71,792, ..., x—1 that partition the real line
into k segments: 79 = —oo <11 <172 < ... < Mp—1 < N = 00. Each segment corresponds

to a label with §j; assigned label j if n;_1 < f < n;. There are two different approaches for
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constructing surrogate losses based on the threshold methods to optimize the choice of w
and 71,...,mx—1 (Shashua and Levin, 2003; Chu and Keerthi, 2005; [Rennie and Srebro,
2005). All thresholds method (also called SVORIM) penalizes all thresholds involved
when a mistake is made. Immediate thresholds (also called SVOREX) only penalizes the

most immediate thresholds.

. A reduction framework from ordinal classification to binary classification.

Reduction framework is a technique to convert ordinal regression problems to binary
classification problems by extending training examples (Li and Lin, 2007). For each
training sample (x,%), the reduction framework creates k — 1 extended samples (x\9), 3(9))
and assigns weight w, ; to each extended sample. The binary label associated with the
extended sample is equivalent to the answer of the question: “is the rank of x greater
than j?” The reduction framework allows a choice for how extended samples x\9) are

constructed from original samples x and how to perform binary classification.

. Cost-sensitive classification methods for ordinal classification.

Rather than using thresholding or the reduction framework, ordinal regression can also be
cast as a special case of cost-sensitive multiclass classification. Two of the most popular
classification-based ordinal regression techniques are extensions of one-versus-one (OVO)
and one-versus-all (OVA) cost-sensitive classification (Lin, 2008; Lin, 2014). Both algo-
rithms leverage a transformation that converts a cost-sensitive classification problem to
a set of weighted binary classification problems. Rather than reducing to binary clas-

sification, cost-sensitive classification can also be reduced to one-sided regression (OSR)
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problem, which can be viewed as an extension of the one-versus-all (OVA) technique (Tu

and Lin, 2010).

In terms of Fisher consistency, many surrogate losses for ordinal classification enjoy this
theoretical property. For example, the all thresholds methods are Fisher consistent provided
that the base binary surrogate losses they use are convex with differentiability and a negative

derivative at zero (Pedregosa et al., 2017)).

2.2.3.3 Multiclass Classification with Abstention

In the classification with abstention setting, a standard zero-one loss is used to evaluate the
prediction. However, the predictor has an additional option to abstain from making a label
prediction and suffer a constant penalty «. In the literature, this type of prediction setting is
also called “classification with reject option”.

Most of the early studies on classification with abstention focused on the binary prediction
case. For example, a consistent surrogate loss based on the SVM’s hinge loss for binary clas-
sification with abstention where the value of « is restricted to the interval [0, %] (Bartlett and
Wegkamp, 2008)), which then been extended to the case where the abstention penalty between
the positive class a; and negative class a— is non-symmetric (Grandvalet et al., 2009)). Boost-
ing algorithm (Freund and Schapire, 1997)) can also be modified to incorporate the abstention
setting into the prediction (Cortes et al., 2016]). The method also proposed a base weak classi-
fier, abstention stump, which is a modification from the popular weak classifier for the standard

boosting algorithm (decision stump).
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For multiclass classification setting, binary hinge loss can be extended to the case of multi-
class classification with abstention (Ramaswamy et al., 2018). The study extended the definition
of SVM’s one-versus-all (OVA) and Crammer-Singer (CS) models to incorporate the abstention
penalty. It also proposed a consistent algorithm for multiclass classification with abstention in
the case of a € [0, %], by encoding the prediction classes in binary number representation and

formulate a binary encoded prediction (BEP) surrogate.

2.3 Adversarial Prediction Formulation for Multiclass Classification

In a general multiclass classification problem, the predictor needs to make a label prediction
ge T ={1,...,1} for a given data point x. To evaluate the performance of the prediction,
we compute the multiclass loss metric loss(7,y) by comparing the prediction to the ground
truth label y. The predictor is also allowed to make a probabilistic prediction by outputting a
conditional probability P(Y|x). In this case, the expected loss Ey b loss(Y,y) = Eé:l P(Y =
i|x) loss(i,y) is measured. Note that in our notation, the upper case Y and X refer to random
variables (of a scalar and vector respectively) while lower case y and x refer to the observed
variables.

Our approach seeks a predictor that robustly minimizes a multiclass loss metric against
the worst-case distribution that (approximately) matches the statistics of the training data.
In this setting, a predictor makes a probabilistic prediction over the set of all possible labels
(denoted as P(Y|X)). Instead of evaluating the predictor with the empirical distribution, the

predictor is pitted against an adversary that also makes a probabilistic prediction (denoted as

P(Y|X)). The predictor’s objective is to minimize the expected loss metric calculated from
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the predictor’s and adversary’s probabilistic predictions, while the adversary seeks to maximize
the loss. The adversary is constrained to select a probabilistic prediction that matches the
statistical summaries of the empirical training distribution (denoted as ]5) via moment-matching

constraints on the features ¢(x,y).

Definition 2.1. In the adversarial prediction framework for general multiclass classifi-
cation, the predictor player first selects a predictive distribution, P(Y|X), for each input x,
from the conditional probability simplex, and then the adversarial player selects an evaluation
distribution, P(Y|X), for each input x from the set of distributions consistent with the known

statistics:

min max E

=5 -~ 5 | loss }A/,Y 2.5
PIX) POX) XNP,Y\X~P,Y|X~P[ ( )} (2.5)

subject to: Ex _ pyx.plo(X, V)] =Exyp[0(X,Y)].
Here, the statistics By v 5 [¢(X,Y)] are a vector of provided feature moments measured from

training data.

For the purpose of establishing efficient learning algorithms, we use the method of La-
grangian multipliers and strong duality for convex-concave saddle point problems (Von Neu-
mann and Morgenstern, 1945 Sion, 1958)) to formulate the equivalent dual optimization as

stated in Theorem 2.11
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Theorem 2.1. Determining the value of the constrained adversarial prediction minimazx game
reduces to a minimization over the empirical average of the value of many unconstrained mini-

maxr games:

Inein Exyop Pr(r}l?z&) PI(I}}}'I;() By \xpyx~p [loss(f/, V) 407 ((X,Y) — ¢(X, Y))} . (2.6)
where 0 is the Lagrange dual variable for the moment matching constraints.
Proof.
PR Py X PP X o) 27
subject to: Ex 5y xp [p(X,Y)] = Exyp[0(X,Y)]
- RO i) XY IXPYXP [loss(fc Y)} >
subject to: Ex 5y x.p [6(X,Y)] = Ex yp[¢(X,Y)]
® pr(r;v/a&) m@in pr(r;/i&) Ex v b | X P (X P [loss(f/, V) 407 (6(X,Y) — (X, Y))] (2.9)
© mgin P]%a&) P?%/igc) Ex v By | X BV X P [IOSS(Y, V) + 07 (6(X,Y) — (X, Y))] (2.10)
@ m@inEXyN]_:, Pr(rxl%i) Pr(r}}/ilr)l() Ey xp.vx~p [IOSS(Y, V) 407 (p(X,Y) — ¢(X, Y))} (2.11)

The transformation steps above are described as follows:
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(a) We flip the min and max order using minimax duality (Von Neumann and Morgenstern,
1945). The domains of P(Y|X) and P(Y|X) are both compact convex sets and the

objective function is bilinear, therefore, strong duality holds.

(b) We introduce the Lagrange dual variable 6 to directly incorporate the equality constraints

into the objective function.

(¢c) The domain of P(Y|X) is a compact convex subset of R™, while the domain of 6 is
R™. The objective is concave on P(Y|X) for all # (a non-negative linear combination of
minimums of affine functions is concave), while it is convex on @ for all P(Y|X). Based
on Sion’s minimax theorem (Sion, 1958), strong duality holds, and thus we can flip the

optimization order of P(Y|X) and 6.

(d) Since the expression is additive in terms of P(Y|X) and P(Y|X), we can push the expec-
tation over the empirical distribution X, Y ~ P outside and independently optimize each

P(Y|x) and P(Y|x).
O

The dual problem (Equation (2.6])) possesses the important property of being a convex
optimization problem in 6. The objective of Equation consists of the function loss(f/, Y) +
o7 (gb(X, Y) - ¢(X, Y)) which is an affine function with respect to 6, followed by operations
that preserve convexity (Boyd and Vandenberghe, 2004): (1) the non-negative weighted sum
(the expectations in the objective), (2) the minimization in the predictor P(Y|X) over a non-

empty convex set out of a function that is jointly convex in 6 and P(Y/\X ), and (3) the point-
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wise maximum in the adversary distribution P(Y|X) over an infinite set of convex functions.
Therefore, the overall objective is convex with respect to #. This property is important since
we can use gradient-based optimization in our learning algorithm and guarantee convergence to
the global optimum of the objective despite the fact that the original loss metrics we want to
optimize in the primal formulation of the adversarial prediction (Equation ) are non-convex

and non-continuous.

2.4  Adversarial Surrogate Losses

Despite the different motivations between our adversarial prediction framework and the
empirical risk minimization framework, the dual optimization formulation (Equation (2.6])
resembles a risk minimization problem with the surrogate loss defined as:

AL(x,y,0) = max min By sy p loss(Y,Y) + 07 (¢(x,Y) — p(x, y))} . (2.12)
P(Y]x) P(Y]x)
We call this surrogate loss the “adversarial surrogate loss” or in short “AL”. In the next subsec-
tions, we will analyze more about this surrogate loss for different instances of general multiclass
classification problems.

Let us first simplify the notation used in our surrogate loss. We construct a vector p to
compactly represent the predictor’s conditional probability P(?\x), where the value of its i-th
index is p; = 15()7 = 4|x). Similarly, we construct a vector q for the adversary’s conditional
probability, i.e., ¢; = P(Y = i|x). We also define a potential vector f whose i-th index stores

the potential for the i-th class, i.e., f; = 0T¢(x,4). Finally, we use a matrix L to represent the
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loss function introduced at the beginning of this section. Using these notations, we can rewrite
our adversarial surrogate loss as:

AL(F, 1) = inp'Lq+ fTq — f,, 2.13
(£, ) max min pTlq +fTq fy (2.13)

where A denotes the conditional probability simplex. The maximin formulation above can be
converted to a linear program as follows:

AL(f,y) = max v+ fTq — f, (2.14)
q’v

s.t.: L(iv:)q >v Vie [k]

g =0 Vi € [K]

where v is a slack variable for converting the inner minimization into sets of linear inequality
constraints, and L;.) denote the i-th row of matrix L. We will analyze the solution of this
linear program for several different types of loss metrics to construct a simpler closed-form

formulation of the surrogate loss.

2.4.1 Multiclass Zero-One Classification

The multiclass zero-one loss metric is one of the most popular metrics used in multiclass

classification. The loss metric penalizes an incorrect prediction with a loss of one and zero
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otherwise, i.e., loss(9,y) = I(y # y). An example of zero-one loss matrix for classification with
five classes can be seen in Figure

We focus on analyzing the solution of the maximization in Equation for the case
where L is the zero-one loss matrix. Since the objective in Equation is linear and the

q] , there is always an optimal solution

constraints form a convex polytope C over the space of [
v

that is an extreme point of the domain (Rockafellar, 1970, Theorem 32.2). The only catch
is that C is not bounded, but this can be easily addressed by adding a nominal constraint
v > —1 (see Proposition . Our strategy is to first characterize the extreme points of C that
may possibly solve Equation , and then the evaluation of adversarial loss (AL) becomes
equivalent to finding an extreme point that maximizes the objective in Equation (2.14)).

The polytope C can be defined in its canonical form by using the half-space representation

of a polytope as follows:

L -1 0
I o0 0

c=¢Aa]Y >b, where A= . b= . (2.15)
v v 17 0 1
1T 0 ~1

Here L is a k-by-k loss matrix, I is a k-by-k identity matrix, 1 and 0 are vectors with length

k that contain all 1 and or all 0 respectively. A has 2k 4+ 2 rows and k + 1 columns. Below
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is an example of this half-space representation for a four-class classification with zero-one loss

metric:

0 1 1 1 -1 0

1 0 1 1 -1 0
1st block 1 1 0 1 -1 - 0

1 1 1 0 -1 Zl 0
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, )

A @210
andblock | 0 0 1 o o ||® 0

o 0o o 1 o |L° 0
777777777777777777 1 1 1 1 0 1
3rd block -1 -1 -1 -1 0 —1_

For simplicity, we divide A into 3 blocks of rows. The first block contains k rows defining the
constraints that relate the loss matrix with the slack variable v, the second block also contains
k rows for non-negativity constraints, and the third block is for the sum-to-one constraints.
To characterize the extreme points of C that solve Equation , we utilize the alge-
braic characterization of extreme points in a bounded polytope given by Theorem 3.17 from

(Andréasson et al., 2005|). For convenience, we quote it here.

Proposition 2.1 (Theorem 3.17 from (Andréasson et al., 2005)). Let P = {c € R" | Ac > b}
be a bounded polytope, where A € R™*™ has rank(A) =n andb € R™. For any c € P, let Z(c)
be the set of row index i such that A€ =b;. Let Az and bg be the submatriz and subvector
of A and b that extract the rows in Z(c), respectively. Then Agc = bg is called the equality

subsystem for €, and ¢ € P is an extreme point if and only if rank(Ag) = n.
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Since C is not bounded (v can diverge to —oco), we now further characterize a subset of C

that must include an optimal solution to Equation ([2.14]).

Proposition 2.2. Let ext C = {c € C|rank(A.) = k+1}. Then ext C must contain an optimal

solution to Equation ([2.14)).

Proof. Let us add a nominal constraint of v > —1 to the definition of C, and denote the new

_ b A
polytope as C := {C : Ge > [ . }, where G = [OT 1]. It does not change the solution to

Equation (2.14]) because v appears in the objective only as v, and L¢.q > 0. However, this

additional constraint makes C compact, allowing us to apply Theorem 3.17 of (Andréasson et

al., 2005) and conclude that any ¢ = [q] is an extreme point of C if and only if rank(G.) = k+1.
v

But all optimal solutions must have v > 0, hence the last row of G cannot be in G¢. So it

suffices to consider ¢ with G¢ = A, whence rank(A¢) =k + 1. O

Obviously, A, must include the third block of A for all ¢ € C in Equation (2.15)). The rank
condition also enforces that at least one row from the first block is selected.
For convenience, we will refer to ext C as the extreme point of CE| By analyzing ext C in

the case of multiclass zero-one classification, we simplify the adversarial surrogate loss (Equa-

tion ([2.14])) as stated in the following Theorem

'Indeed, it is the bona fide extreme point set of C under the standard definition which does not
require compactness (Rockafellar, 1970, Section 18). But the guarantee of attaining optimality at an
extreme point does require boundedness.
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Theorem 2.2. The model parameter 6 for multiclass zero-one adversarial classification is equiv-

alently obtained from empirical Tisk minimization under the adversarial zero-one loss function:

es fi+1S]—1
ALVL(E y) = 2ics - 2.1
(f,9) SO 5] fys (2.17)

where S is any non-empty subset of the k classes.

Proof. The AL%! above corresponds to the set of “extreme points”lﬂ

il

where e; € RF is the i-th canonical vector with a single 1 at the i-th coordinate and 0 elsewhere.

IS] 15| -1

= F"ES ei] | 0+£S8C [k]} , (2.18)

That means q first picks a nonempty support S C [k], then places uniform probability of %

[S]—1
S| -

on these coordinates, and finally sets v to
By Proposition it now suffices to prove that D C C and D 2 ext C = {c € C :
rank(Ac) = k + 1}, i.e., any ¢ € C whose equality system satisfies rank(A¢) = k + 1 must be
in D. D C C is trivial, so we focus on D D ext C.
Given c € ext C, suppose the set of rows that A selected from the first and second block
of A are R and T, respectively. Both R and T are subsets of [k], indexed against A. We first

observe that R and 7" must be disjoint because if ¢ € RN T, then ¢; = 0 and v = L(; ))q =

"'We add a quotation mark here because our proof will only show, as it suffices to show, that D
contains all the extreme points of C and D C C. We do not need to show that D is exactly the extreme
point set of C, although that fact is not hard to show either.
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Z#i qgj = 1 —¢; = 1. But then for all j, L(;)q > v implies 1 < Zl;éj q =1 —gq;. This is
impossible as it means q = 0.

Now that R and T' are disjoint, rank(A.) = k + 1 implies that R = [k]\T. Since ¢; = 0
for all ¢ € T', solving |R| linear equalities with respect to |R| unknowns yield ¢; = 1/|R| for all
j € R. Such a tuple of q and v is clearly in D. Obviously, R cannot be empty because then

T = [k] and q = 0. O

We denote the potential differences v; , = f; — f;, then Equation (2.17)), can be equivalently

written as:

; iy T18—1
ALY (f,y) = Lies Vi : 2.1
R 219

Thus, AL%! is the maximum value over 2% — 1 linear hyperplanes. For binary prediction tasks,
there are three linear hyperplanes: 1 4,12, and W shows the loss function
in potential difference space ¥ when the true label is y = 1. Note that AL>! combines two
hinge functions at v, = —1 and 9, = 1, rather than SVM’s single hinge at o, = —1.
This difference from the hinge loss corresponds to the loss that is realized by randomizing label
predictions of P(Y|x) in Equation [2-12).

For three classes, the loss function has seven facets as shown in Figure Figure
and [4d show the similarities and differences between AL’! and the multiclass SVM surrogate
losses based on class potential differences. Note that AL%! is a relative margin loss function

that utilizes the pairwise potential difference v;,. This avoids the surrogate loss construction
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Figure 3. AL%! evaluated over the space of potential differences (Yiy = fi — fy; and ¢, = 0)
for binary prediction tasks when the true label is y = 1.

pitfall pointed out by (Dogan et al., 2016) which states that surrogate losses based on the
absolute margin (rather than relative margin) may suffer from low performance for datasets
with low dimensional feature spaces.

Even though AL%! is the maximization over 2 — 1 possible values, it can be efficiently
computed as follows. First we need to sort the potential for all labels {f; : ¢ € [k]} in non-
increasing order. The set S* that maximize AL%! must include the first j labels in the sorted
order, for some value of j. Therefore, to compute AL%!, we can incrementally add the label
in the sorted order to the set S* until adding an additional label would decrease the value of
the loss. This results in an algorithm with a runtime complexity of O(klog k), which is much

faster than enumerating all possible values in the maximization.
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Figure 4. Loss function contour plots over the space of potential differences for the prediction
task with three classes when the true label is y = 1 under AL%! (a), the WW loss (b), and the
CS loss (c). (Note that 1; in the plots refers to ¢; , = f; — fy; and ¢;; = 0.)

Theorem 2.3. The algorithm for computing AL’ above is optimal.

Proof. To calculate the set S* that maximize ALY! given the potentials of for all labels sorted
in non-increasing order, the algorithm starts with the empty set S = (), it then adds labels to
S in sorted order until adding a label would decrease the value of W If the set that
maximizes AL%! has j elements, it must contain the j largest potentials, otherwise we can swap
the potentials that are not in the j largest potentials list with the potentials in the list and get
a larger value. We are now left to prove that adding more potentials will not increase the value
of the loss.

Let f; denote the potentials sorted in non-increasing order, i.e. fi > fo > --- > f, and

S firi—1
j

let j be the size of the set S*, hence Zies*‘];j‘ls =t _ . We aim to prove that
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Yoy fiti=l o S fitgt-l

7 > T for any [ = {1,...,k — j}. From the construction of the algorithm

we know that it is true for [ =1, i.e.;:

s it i1 St

j = T (2.:20)
G+ 1) (S fi+i—1) 25 (S5 fi+5) (2.21)
DY R B N T RN I DS R ) TR (2.22)
2;1 fi—12>3fi1. (2.23)
Since the potentials are sorted in non-increasing order, then for any [ = {1,...,k — j}:
(S fi=1) 2 4ifi 2 550 fra (2.24)

IS il fi v 24— 25 fa i fi 2+ -1)  (2.25)

G AP =T S+ =12 Y 4 2 45— 1) (2.26)
U+ (Zle fiti— 1) > j (Z?ﬂ fiti+l- 1) (2.27)
I ofi4i—1 e i1
Z’L:]. fl+ .] Z Zz:]_ fl+ ] + l ) (228)
J Jj+l1
Therefore, we can conclude that the algorithm for computing AL%! is optimal. ]

2.4.2 Ordinal Classification with Absolute Loss

In multiclass ordinal classification (also known as ordinal regression), the discrete class

labels being predicted have an inherent order (e.g., poor, fair, good, very good, and excellent
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labels). The absolute error, loss(y,y) = | — y| between label prediction (§ € ) and actual
label (y € V) is a canonical ordinal regression loss metric. The adversarial surrogate loss for
ordinal classification using the absolute loss metric is defined in Equation , where L is the
absolute loss matrix (e.g., Figure [1b| for a five-class ordinal classification). The constraints in
Equation form a convex polytope C. Below is an example of the half-space representation

of C for a four-class ordinal classification problem.

0o 1 2 3 -1 0
1 0 1 2 -1 0
1st block 2 1 0 1 -1 - 0
3 2 1 0 -1]|*® 0
’’’’’’’’’’’’’’ 1 0 0 o0 o ||® 0
o 1 0 o o ||®B7]o (2.29)
ondblock | 0 0o 1 o o ||® 0
o 0o o 1 o |L° 0
777777777777777777 1 1 1 1 0 1
3rd block | -1 -1 -1 -1 O | _—1_

By analyzing the extreme points of C, we define the adversarial surrogate loss for ordinal

classification with absolute loss AL as stated in Theorem IZ.__4l

Theorem 2.4. An adversarial ordinal classification predictor with absolute loss is obtained by

choosing parameters 0 that minimize the empirical risk of the surrogate loss function:

fit fitg—i
AL(E, ) = LTI T 2.
(f,v) jax 5 fy (2.30)
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Proof. The AL above corresponds to the set of “extreme points”

o]

This means g can only have one or two non-zero elements (note that ¢ and j can be equal) with

e t+e;

j—1

i,je[k];igj}. (2.31)

uniform probability of % and the value of v is %, where ¢ < j.

Similar to the proof of Theorem we next prove that D D ext C = {c € C: rank(A.) =
k 4+ 1}. Given ¢ € ext C, suppose the set of rows that A. selected from the first and second
block of A are S and T, respectively. Both S and T are subsets of [k], indexed against A.

Denote $max = max(S) and sy, = min(S). We consider two cases:

1. SNT = (: the indices selected from the first and second blocks are disjoint.

1 [esmax + esmin

It is easy to check that ¢ must be [q] = 3 Obviously, it satisfies
v

Smax — Smin

(being equal) the rows in A. extracted from the first and third blocks of A, because
|l = Smax| + |l = Smin| = Smax — Smin for all [ € S. Since SNT = (), ¢ must also satisfy
those rows from the second block. Finally notice that only one vector in RF*! can meet

all the equalities encoded by A, because rank(A.) = k + 1. Obviously, c € D.

2. SNT # : the indices from the first block overlap with those from the second block.
Including in A the i-th row of the second block means setting ¢; to 0. Denote the set
of remaining indices as R = [k]\T, and let rpax = max(R) and rpin, = min(R). Now

consider two sub-cases:
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a) Tmin < Smin and Tmax = Smax-

€r + e . . .
e i Obviously, it satisfies

Tmax — Tmin

One may check that ¢ must be [q] = % [
v

(being equal) the rows in A extracted from the first and third blocks of A, because
foralll € S, 1> Smin > Tmin and | < Smax < Tmax, IMplying |l — rmax| + [l = rmin| =
Tmax — Tmin- Since by definition r,x and ry;, are not among the rows selected from
the second block, the equalities from the second block must also be satisfied. As in

case 1, only one vector in R*+1 can meet all the equalities encoded by A because

rank(A¢) = k + 1. Obviously, ¢ € D.
b) Tmin > Smin OF Tmax < Smax-

We first show 7min > Smin 1S impossible. By definition of R, ¢; = 0 for all | < ryin.

For all I > rmin (> Smin), it follows that L =1~ Smin > | — rmin = Iy

Smin:l) rmin:l)‘

Noting that at least one ¢ must be positive for I > 7y, (because of the sum-to-
one constraint), we conclude that Lspinnd > L Q. But this contradicts with

Lsimnd=v < L. g, where the equality is because smin € 5.

Similarly, rmax < Smax is also impossible.

Therefore, in all possible cases, we have shown that any c in ext C must be in D. Further

noticing the obvious fact that D C C, we conclude our proof. O

We note that the AL surrogate is the maximization over pairs of different potential

functions associated with each class (including pairs of identical class labels) added to the
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distance between the pair. To compute the loss more efficiently, we make use of the fact that

maximization over each element of the pair can be independently realized:

fit fi+tg—i _ fit fi+ti—i
max ————— — f, = max ———"——

1 4l A f
ijelfisi 2 el 2 fu=gmpclfimi) by max(fy+d) = fy

(2.32)

We derive two different versions of AL based on different feature representations used for

constraining the adversary’s probability distribution.

2.4.2.1 Feature Representations

We consider two feature representations corresponding to different training data summaries:

yx Iy = 1)x
I(y<1 I(y=2)x

dm(xy)=| 1W<2) |;and gme(x,y)= | Iy=3)x |. (2.33)
I(yg.k—l) Iy =k)x

The first, which we call the thresholded regression representation, has size m+k — 1,
where m is the dimension of our input space. It induces a single shared vector of feature weights
and a set of thresholds. If we denote the weight vector associated with the yx term as w and
the terms associated with the cumulative sum of class indicator functions as n1, 72, ..., Me_1,
then thresholds for switching between class 7 and i + 1 (ignoring other classes) occur when

WX = 1);.
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The second feature representation, ¢,,., which we call the multiclass representation, has
size mk and can be equivalently interpreted as inducing a set of class-specific feature weights,
fi = w; - x. This feature representation is useful when ordered labels cannot be thresholded

according to any single direction in the input space, as shown in the example dataset of

A
®
o 2o
@ ®
o O
@
@
@ ®
©®@
@
»

Figure 5. Example where multiple weight vectors are useful.

2.4.2.2 Thresholded regression surrogate loss

In the thresholded regression feature representation, the parameter contains a single shared

vector of feature weights w and k& — 1 terms 7, associated with thresholds. Following Equa-



40

tion ([2.32]), the adversarial ordinal regression surrogate loss for this feature representation can

be written as:

i(w-x—1)+ ; (w-x+1)+ j
( )+ s i ) Zzzﬂl_yw.x_zm, (2.34)

AL (x y) = max + max
i 2 J 2 >0

This loss has a straight-forward interpretation in terms of the thresholded regression per-
spective, as shown in Figure it is based on averaging the thresholded label predictions
for potentials w - x — 1 and w - x + 1. This penalization of the pair of thresholds differs from
the thresholded surrogate losses of related work, which either penalize all violated thresholds

or penalize only the thresholds adjacent to the actual class label.

Figure 6. Surrogate loss calculation for datapoint x (projected to w - x) with a label prediction
of 4 for predictive purposes, the surrogate loss is instead obtained using potentials for the classes
based on w - x — 1 (label 2) and w - x + 1 (label 5) averaged together.
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Using a binary search procedure over 71, ...,n5_1, the largest lower bounding threshold for

each of these potentials can be obtained in O(logk) time.

2.4.2.3 Multiclass ordinal surrogate loss

In the multiclass feature representation, we have a set of feature weights w; for each label

and the adversarial multiclass ordinal surrogate loss can be written as:

ALord'mC(x,y) _ nax Wi X+ Wj-X+j—1
i,5€k] 2

— Wy - X. (2.35)

We can also view this as the maximization over k(k + 1)/2 linear hyperplanes. For an ordinal
regression problem with three classes, the loss has six facets with different shapes for each true
label value, as shown in In contrast with AL™" the class potentials for ALCTdme
may differ from one another in more-or-less arbitrary ways. Thus, searching for the maximal ¢

and j class labels requires O(k) time.

2.4.3 Ordinal Classification with Squared Loss

In some prediction tasks, the squared loss is the preferred metric for ordinal classification
to enforce larger penalty as the difference between the predicted and true label increases (Bac-
cianella et al., 2009; Pedregosa et al., 2017)). The loss is calculated using the squared difference
between label prediction (§ € )) and ground truth label (y € V), that is: loss(9,y) = (9 — y).
The adversarial surrogate loss for ordinal classification using the squared loss metric is defined
in Equation , where L is the squared loss matrix (e.g. Figure [1c| for a five-class ordinal

classification). The constraints in Equation (2.14)) form a convex polytope C. Below is an ex-
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w

n

Figure 7. Loss function contour plots of A over the space of potential differences 1); =

fj — fy for the prediction task with three classes when the true label is y = 1 (a), y = 2 (b),
and y = 3 (c).

Lord

ample of the half-space representation of C for a four-class ordinal classification problem with

squared loss metric.

0 1 4 9 -1 0
1 0 1 4 -1 0
1st block 4 1 0 1 -1 I 0
9 4 1 o0 -1|]|® 0
777777777777777777 1 0 o o o ||® 0
o 1 0 o o ||®B7]o (2.36)
ondblock | 0 0o 1 o o ||® 0
o o o 1 o |\ 0
777777777777777777 1 1 1 1 0 1
Srdblock | —1 -1 -1 -1 0 | 1

We define the adversarial surrogate loss for ordinal classification with squared loss AL as

stated in Theorem 2.5
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Theorem 2.5. An adversarial ordinal classification predictor with squared loss is obtained by

choosing parameters 6 that minimize the empirical risk of the surrogate loss function:

ALs%f,y):maX{i?}%ﬁ} CUDAIHE LD DU s , } —f (237)
i<l<j

Proof. The AL®? above corresponds to the set of extreme points
)lal 2G| e 2(1—i)—1 €; i, 7,1 € [k] al e
D= = L + — U =
{ H 20=9) [(z - i)2] 20-9) [(j - 1)2] i<l<j v 0

This means q can either have one non-zero element with a probability of one or two non-zero

(2.38)

elements with the probability specified above.

Similar to the proof of Theorem we next prove that D D ext C = {c € C : rank(A.) =
k+ 1}, as D C C is again obvious. Given c € ext C, suppose the set of rows that A, selected
from the first and second block of A are S and T, respectively. Both S and T are subsets of
[k], indexed against A. We also denote the set of remaining indices as R = [k]\T".

In the case of the squared loss metric, we observe that every row in the first block of A can
be written as a linear combination of two other rows in the first block and the sum-to-one row

from the third block. This follows the corresponding relation in continuous squared functions:

(z—a)* =2 —2ax+a®> = a(z® =20z + b*) + B(2* —2cz + ) + v = a(z —b)* + Bz —c)? +7,
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for some value of «, 8, and . Therefore, S can only include one or two elements. This means

that R must also contain one or two elements. We consider these two cases:

1. S contains a single element {i}.
In this case, R must also be {i}. If R = {j} where j # i, the equation subsystem requires
v="L;yq= (i - 4)? > 1, since by definition of R, ¢; = 1 and ¢ = 0 for all [ € [k]\j.
However, this contradicts with the requirement of the j-th row of A that v < L;.)q = 0.
Finally, it is easy to check that the vector in R¥! that meet all the equalities encoded in

€;

this A¢ is c = . Obviously, c € D.

2. S contains two elements.
The rank condition requires that R must also contains two elements {7, j}. Consider these

following sub-cases:

a) S={l—1,1}, wherei <[ <j.
Let ¢ = [q] be the solution of the equalities encoded in this A.. By definition
v
of R, g = 0 for all ¢ € [k]\{4,5}. The value of ¢; and g; can be calculated by

solving L; 1.y = L )q or equivalently L1 ;¢i + L1745 = L@ + L j)4;,
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with the constraint that ¢; + ¢; = 1 and the non-negativity constraints. Solving for

this equation resulting in the following ¢;, ¢;, and v:

Li-15) — Lqy)

qi = 2.39
L) = La—1,) + La-145) = Lay) (239)
(I—i)2—(—1—=i2+(G—14+1)2—(—1)? 2(j—i) '
Lo — L1
L) = La-1,) + La-15) = Lay)
N2 (102 A
_ (l—0)"=(1—-1—-1) 2l —d) -1 (2.42)

(=i —(-1-iP+ G-I+ =G0 2(G-1)
(Lg-15) — Layy) Ly + (L — La-14) Loy

v — 9.43
L) = La-1,) + La-15) — Lay) (243)

QU -D+DH =)+ 21— -1)([-1?
2(j —1) '

(2.44)

It is obvious that ¢ € D.
b) S ={m,l}, wherei <m <Il<jand m#1[—1.
We want to show that this case is impossible. Solving for the m-th and the [-th
2

equality, v = Ly, 1)@ + L, jy¢; = L@ + L j)¢; resulting in ¢; = 2[(j — m)? —

(G =%, ¢ = L[(1 —i)? = (m —i)?], and

v=1{1-)?G-m)? -G -0+ G-I —-1)? - (m—1i)?}, (2.45)

where z = [(j —m)? — (j — D?] + [(1 —4)? — (m —1)?].
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Let o be an index such that m < o < [. This row must exist since m # | — 1 and

m < I. Applying the solution above to the o-th row, we define:

w2 Lgya=1{(0—)?[(G—m)* = (G =D+ (G —0)?[(l—i)* = (m—i)*]}.
(2.46)
Then,
v—w={[l =)= (0= )*)[(j —m)* = (j — 1) (2.47)
—[G—0)? =G =D —9)* = (m—1)?]}.
This means that v — w > 0, since for all i <m < o <1< j;i,7,l,m,0 € [k],
(=2 (0— i _ (=0~ (i~ .

(=i =(m—i)?* " (j—m)*=({—-1*

Thus, it contradicts with the requirement that v < L, ).

c) S={m,l}, where m <iorl > j.
We first show that m <4 is impossible. Note that for m < i, the loss value L, ;) =
(i —m)? > Ly = 0and Ly, j) = (7 — m)? > Ly = (G — i)2. Noting that at
least one of ¢; or g; must be positive due to sum-to-one constraint, we conclude that
Lm,na > L(;)q. But this contradicts with L, )q = v < L;.)q since the m € S.

Similarly, [ > j is also impossible.
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Therefore, in all possible cases, we have shown that any c in ext C must be in D, which

concludes our proof. O

Note that AL®? contains two separate maximizations corresponding to the case where there
are two non-zero elements of q and the case where only a single non-zero element of q is
possible. Unlike the surrogate for absolute loss, the maximization in AL? cannot be realized
independently. A O(k3) algorithm is needed to compute the maximization for the case that
two non-zero elements of q are allowed, and a O(k) algorithm is needed to find the maximum
potential in the case of a single non-zero element of q. Therefore, the total runtime of the algo-

rithm for computing AL is O(k3). The loss surface of AL for the three classes classification

is shown in
AL y=1
6 .
)
. N
\\

2 \\
: oF S’

_2.

05 7 2 0 4 6

V2 U1 U1

Figure 8. Loss function contour plots of AL over the space of potential differences ¢; £ f;— f,,
for the prediction task with three classes when the true label is y =1 (a), y = 2 (b), and y = 3

(c).
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2.4.4 Weighted Multiclass Loss

In more general prediction tasks, the penalty metric for each sample may be different. For
example, the predictor may need to prioritize samples with a particular characteristic. In
this subsection, we study the adversarial surrogate loss for weighted multiclass loss, and in
particular, the setting with a standard loss metrics weighted by parameter « (for example, the
weighted absolute loss: loss(y,y) = a|g — y|). We next analyze in Theorem the extreme
points of the polytope formed by the the constraints in Equation when L is the weighted

multiclass loss metric.

Theorem 2.6. Let q*, and v* be the solution of the adversarial mazimin (Equation (2.14]))
with L as the loss matriz, then if the loss matriz is oL, the solution of (Equation (2.14)) is

o * 0® = avt.

Proof. Multiplying both sides of the constraints L;.)q > v in Equation (2.14) and employing
aL(;)q > av, we arrive at an equivalent LP problem with the same solution. Therefore, if

we replace the original loss metric with aLL, then the solution for q remain the same, and the

optimum slack variable value is av*. ]

Using Theorem we can derive the adversarial surrogate loss for weighted multiclass

zero-one loss, absolute loss, and squared loss metrics as stated below.
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Corollary 2.1. An adversarial multiclass predictor with weighted zero-one loss is obtained by

choosing the parameter 6 that minimizes the empirical Tisk of the surrogate loss function:

1 csfita(lS|—1)
ALV Tw(f = 2ics — £ 2.4
(f,y,q) s 5] fy (2.49)

Corollary 2.2. An adversarial ordinal classification predictor with weighted absolute loss is
obtained by choosing the parameter 0 that minimizes the empirical risk of the surrogate loss

function:

AL (£ y, ) = max ‘ } U=9 _ fy- (2.50)

Corollary 2.3. An adversarial ordinal classification predictor with weighted squared loss is
obtained by choosing the parameter 0 that minimizes the empirical risk of the surrogate loss

function:

igAElk] 2(=7)
i<I<j

j i+o(l—i)? —1)— i+a(j—1)?
AL(F, y, ) = max{ max 2U—-O+D)[fi+al—i)?[+20—)-1)[f+a(i-1) ]7 max f; } — f,. (2.51)

The computational cost of calculating the adversarial surrogates for weighted multiclass loss
metric above is the same as that for the non-weighted counterpart of the loss, i.e., O(klogk)
for ALO1Y O(k) for ALY and O(k3) for ALY, The weight constant o does not change

the runtime complexity.
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2.4.5 Classification with Abstention

In some prediction tasks, it might be better for the predictor to abstain without making
any prediction rather than making a prediction with high uncertainty for borderline samples.
Under this setting, the standard zero-one loss is used for the evaluation metric with the addition
that the predictor can choose an abstain option and suffer a penalty of a. The adversarial
surrogate loss for classification with abstention is defined in Equation , where L is the
abstain loss matrix (e.g. Figure|ld|for a five-class classification with o = %) The constraints in
Equation form a convex polytope C. Below is the example of the half-space representation

of the polytope for a four-class classification problem with abstention.

0 1 1 1 -1 0
1 0 1 1 -1 0
1st block 1 1 0 1 -1 0
1 1 1 0 —1][q] 0
a o o o -1 q2 0
””””””””” 1 0 0 0 0 ||g|>]0 (2.52)
o 1 0 0 O q4 0
2nd block 0 0 1 0 0 | v | 0
0O o O 1 0 0
”””””””””””” 1 1 1 1 0 1
drd block | -1 -1 -1 -1 0 | 1]

Note that the first block of the coefficient matrix A has k + 1 rows (one additional row for the

abstain option).
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We design a convex surrogate loss that can be generalized to the case where 0 < a < %
We define the adversarial surrogate loss for classification with abstention AL2P5*" a5 stated in

Theorem below.

Theorem 2.7. An adversarial predictor for classification with abstention with the penalty for

1

abstain option is o where 0 < a < 5,

is obtained by choosing the parameter 0 that minimizes

the empirical risk of the surrogate loss function:

AL (£ 4 o) = max {ijén[a)g#j (1-a)fi+afj+a, max fi } — Jy- (2.53)

Proof. The AL****%" above corresponds to the set of extreme points

o {f ool

This means q can only have one non-zero element with probability of one or two non-zero

€;
+ «

i€ [k]} . (2.54)

elements with the probability of a and (1 — «).

Similar to the proof of Theorem we next prove that D D ext C = {c € C : rank(A.) =
k+ 1}, as D C C is again obvious. Given c € ext C, suppose the set of rows that A, selected
from the first and second block of A are S and T, respectively. Now S is a subset of [k + 1]
where the (k 4 1)-th index represents the abstain option, while T" is a subset of [k], indexed
against A. Similar to the case of zero-one loss metric, S and 7" must be disjoint. We also denote

the set of remaining indices as R = [k]\T.
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The abstain row in the first block of A implies that v < «, while including j regular rows

to S implies that v = J];I Therefore, only a single regular row can be in S when a < % or at

most two regular rows can be in S when o = %

We first consider a@ < % Let S = {i,k + 1}, i.e., one regular row and one abstain row.
Due to rank requirement of A and the disjointness of S and T, R must contain two elements
with one of them be i, i.e. R = {i,j}. To get the value of ¢; and ¢;, we solve for the equation
L(;yd = L(341,:)q which can be simplified as ¢; = ag; +ag;. The solution is to set ¢; = (1 — ),
¢; = «, and v = «, which obviously in D. For the second case, let S = {i}, i.e., one regular
row. In this case R must be {i} too. This yields ¢ with ¢; = 1, ¢; = 0,Vj € [k]\¢, and v = 0.
Obviously, c € D.

For the case where a = %, two cases above still apply with two additional cases. First,

S = {i,j}, i.e., two regular rows. In this case, R must be {i,j} too. The solution is to set

D=

¢ =¢q = 5,and v = % This satisfies v = L(; )q = L(;.,)q = % aswellasv <L )g=a=

N[

Obviously, this is in D. Second, S = {i,j,k + 1}, i.e., two regular rows and one abstain row.
Due to the rank requirement of A, and the disjointness of S and T, R must contain three
elements: 1,7, and another index [ € [k]\{i,j}. It is easy to check that the solution in this
case is also to set ¢; = ¢; = %, and v = % This satisfies v = L(; .)q = L. q = % as well as

v=Ljt1)a=0a=3.

Therefore, in all possible cases, we have shown that any c in ext C must be in D. O

We can view the maximization in AL2Pstai" 55 the maximization over k2 linear hyperplanes,

with k£ hyperplanes are defined by the case where only a single element of g can be non-zero and
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the rest k(k — 1) hyperplanes are defined by the case where two elements of q are non-zero. For
the binary classification with abstention problem, the surrogate loss function has four facets.
shows the loss function in the case where o = % and a = % Note that for a = % the
facet corresponds with the hyperplane of (1 — ) fi + a fa + « collide with the facet corresponds
with the hyperplane of (1 — «) fa + a.f1 + «, resulting in a loss function with only three facets.
For the three-class classification with abstention problem, the surrogate loss has nine facets
with different shapes for each true label value, as shown in for « = % and o = %
1

Similar to the binary classification case, for a = 3, some facets in the surrogate loss surface

collide resulting in a surrogate loss function with only six facets.

flLabstmn7 o = 1/3 14Labstazn7 o= 1/2
2.0 2.0
1.5F 1.51
@ 17
3 1.0F 3 1.0F
0.5F 0.5F
0'0-2 -1 (.) % ‘2 0'0-2 1 0 1 2
P2 V2

f fy,and T,Z)z’t—O)

(y)_anda—f(b).

Figure 9. AL*s%" evaluated over the space of potential differences (i,
for binary prediction tasks when the true label is y = 1, where a = %
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Figure 10.  Loss function contour plots of AL****%" gyer the space of potential differences

); = fj — [y for the prediction task with three classes when the true label is y = 1, where o = %

(a), and a = 3 (b).

Even though the maximization in AL****%" is over n? different items, we construct a faster
algorithm to compute the loss. The algorithm keeps track of the two largest potentials as it
scans all k£ potentials. Denote * and j* as the index of the largest and the second-largest
potentials respectively. The algorithm then takes the maximum of two candidate solutions:
(1) assigning all the probability to f;., resulting in the loss value of f;., or (2) assigning 1 — «
probability to fi. and o probability to fj., resulting in the loss value of (1 — «)fi+ + afj+ + a.
The runtime of this algorithm is O(k) due to the need to scan all k potentials once.

2.4.6 General Multiclass Loss

For a general multiclass loss matrix L, the extreme points of the polytope defined by the

constraints in Equation (2.14]) may not be easily characterized. Nevertheless, since the maxi-
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mization in Equation ([2.14]) is in the form of a linear program (LP), some well-known algorithms
for linear programming can be used to solve the problem. The techniques for solving LPs have

been extensively studied, resulting in two major algorithms:

1. Simplex algorithm.
The simplex algorithm (Dantzig, 1948; Dantzig, 1963) cleverly visits the extreme points
in the convex polytope until it reaches the one that maximizes the objective. This is
the most popular algorithm for solving LP problems. However, although the algorithm
typically works well in practice, the worst-case complexity of the algorithm is exponential

in the problem size.

2. Interior point algorithm.
(Karmarkar, 1984) proposed an interior point algorithm for solving LPs with polynomial
worst-case runtime complexity. The algorithm finds the optimal solution by traversing
the interior of the feasible region. The runtime complexity of Karmarkar’s algorithm for

solving the LP is O(n®) where n is the number of variables in the LP problem. In
Equation (2.14), n =k + 1.

Therefore, using Karmarkar’s algorithm we can bound the worst-case runtime complexity
of computing the adversarial surrogate for arbitrary loss matrix L with O(k3°) where k is the

number of classes.

2.5 Prediction Formulation

The dual formulation of the adversarial prediction (Equation ({2.6|)) provides a way to con-

struct a learning algorithm for the framework. The learning step in the adversarial prediction



56

is to find the optimal Lagrange dual variable §* = argming Ex y p [AL(X,Y,0)]. In the
prediction step, we use the optimal #* to make a label prediction given newly observed data.
Although 6* is only optimized with respect to the conditional probability at the data points x in
the training set, we assume that it can be generalized to the true data generating distribution,

including the newly observed data points in the testing set.

2.5.1 Probabilistic Prediction

Given a new data point x and its label y, and the optimal 6*, we formulate the prediction
minimax game based on Equation ([2.6)) by flipping the optimization order between the predictor

and the adversary player:

min max E¢

Py By Ve P¥ P [loss(ff, Y) 40T (6(x,Y) — p(x, y))] . (2.55)

This flipping is enabled by the strong minimax duality theorem (Von Neumann and Morgen-
stern, 1945)). Denoting f; = 0*T¢(x, 1), the prediction formulation can be written in our vector
and matrix notation as:

i TLq+fTq— f,. 2.56
min max pLq +£Tq fy (2.56)

Even though the ground truth label y serves an important role in the learning step (Equa-

tion (2.6))), it is constant with respect to the predictor probability p. Therefore, to get the
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optimal prediction probability p*, the term f, in Equation (2.56)) can be removed, resulting in

the following probabilistic prediction formulation:

p* = argminmax p'Lq + fTq. (2.57)
peA QEA

2.5.2 Non-probabilistic Prediction

In some prediction tasks, a learning algorithm needs to provide a single class label pre-
diction rather than a probabilistic prediction. We propose two prediction schemes to get a

non-probabilistic single label prediction y* from our formulation.

1. The maximizer of the potential f.
This follows the standard prediction technique used by many ERM-based models, e.g.,
SVM. Given the best parameter 6*, the predicted label is computed by choosing the label
that maximizes the potential value, i.e.,

y* = argmax f;, where: f; = 0*Tp(x,1). (2.58)

(2

Note that this prediction scheme works for the prediction settings where the predictor
employs the same set of class labels as the ground truth, i.e., y* € Y and y € Y where
Y = [k]. If they are different such as in the classification task with abstention, this
prediction scheme cannot be used. The runtime complexity of this prediction scheme is

O(k) for k classes.
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2. The maximizer of the predictor’s optimal probability p*.
This prediction scheme requires the predictor to first produce a probabilistic prediction
by using Equation . Then the algorithm chooses the label that maximizes the
conditional probability, i.e.,

y* = argmaxp;, where: p* = argminmax p'Lq + f7q. (2.59)
) pEA dEA

This prediction scheme can be applied to more general problems, including the case where
the predictor and ground truth class labels are chosen from different sets of labels. This is
useful for the classification task with abstention. However, for a general loss matrix L, this
prediction scheme is more computation intensive than the potential-based prediction, i.e.,
O(k3®) due to the need of solving the minimax game by linear programming (Karmarkar’s

algorithm).

2.5.3 Prediction Algorithm for Classification with Abstention

In the task of classification with abstention, the standard prediction scheme using the po-
tential maximizer argmax; f; cannot be applied due to the additional abstain option of the
predictor. In this subsection, we construct a fast prediction scheme that is based on the pre-

dictor’s optimal probability in the minimax game (Equation (2.57)) without the need to use
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general purpose LP solver. The minimax game in Equation (2.57)) can be equivalently written

in the standard LP form as:

min v (2.60)
p,v
s.t.rv > L(;’i)Tp + fi, Vi€ k]

k+1
pER++,

p'1=1,

where v is a slack variable to convert the inner maximization into linear constraints, and L. ;
denotes the i-th column of the loss matrix L. We aim to analyze the optimal p and v for the

case where L is the loss matrix for classification with abstention, e.g.,

(2.61)

=

|
O R R = O
O R R O
O R O R, =
O O M= = =

in a four-class classification, where « is the penalty for abstaining (c.f. Section [2.4.5)). Similar
to the case of the adversarial surrogate loss for classification with abstention, our analysis can

be generalized to the case where 0 < a < %

1

5, 0" be the learned parameter,

Theorem 2.8. Let a be the penalty for abstaining where 0 < a <
and f be the potential vector for all classes where f; = 0*T¢(x,i). Given a new data point x,

let i* = argmax; f; (break tie arbitrarily), j* = argmax;. fj, and ey € RF be the i*-th
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canonical vector. Then the predictor’s optimal probability p* of Equation (2.60) for the task of

classification with abstention can be directly computed as:

(fir — fj*)ei

L= fi + f if fir — fir < 1. (2.62)

p'= [e(;*] if fie = fj»>1  and  p*= [

Proof. Based on Theorem the optimal objective value of Equation (2.60f) is exactly the
value of ALAPS®IN(f ¢ o) + f, which is f; when fir — fj+ > 1, and a + (1 — @) f= + afj
otherwise. So we only need to verify that the p* given in the theorem attains these two values,

or equivalently, max; {L(:VZ-)Tp* + fi} attains these two values.

1. Case 1: fix — fj > 1. Now p* = !eé*] renders L, jTp* + fix = fix, and L, 1y Tp* + fr =
1+ fi. < fi for all k # i*. So the objective of Equation (2.60) matches AL#Pstain 1 fy-

(fix = fi)eir

€ ]Rﬁ'|r1 and 1Tp* = 1. Furthermore,
L— fir + fj»

2. Case 2: f;+ — fj+ < 1. Now p* = [

L P+ fir = a(l = fie + fj<) + fir,
L™ + fu = fir — fir +a(l — fir + fj) + fo <l — fir + fje) + fir (kK #77).
Therefore max; {L(:,i)TIfk + fz} = a(l — fi + fj=) + fi=, which matches AT abstain 4 fy-
[

From the theorem above, we derive a non-probabilistic prediction scheme based on the

maximizer of the predictor’s probability as follows.
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Corollary 2.4. For 0 < a < %, a non-probabilistic prediction of the adversarial prediction
method for the classification with abstention task can be computed as:

i* fir = fi+ > %
Y= (2.63)

abstain  otherwise

where i* and j* are the indices of the largest and the second largest potentials respectively.

The runtime complexity of this prediction scheme is O(k) since the algorithm needs to scan
all k£ potentials and maintain the two largest potentials. This is much faster than solving the

minimax game in Equation (2.57), which costs O(k%).

2.6 Fisher Consistency

The behavior of a prediction method in ideal learning settings—i.e., trained on the true eval-
uation distribution and given an arbitrarily rich feature representation, or, equivalently, con-
sidering the space of all measurable functions—provides a useful theoretical validation. Fisher
consistency requires that the prediction model yields the Bayes optimal decision boundary in
this setting (Tewari and Bartlett, 2007; |Liu, 2007; |Ramaswamy and Agarwal, 2012; Pedregosa,
et al., 2017)). Suppose the potential scoring function f(x,y) is optimized over the space of all

measurable functions. Given the true distribution P(X,Y’), a surrogate loss function ¢ is said



62

to be Fisher consistent with respect to the loss £ if the minimizer f* of the surrogate loss reaches

the Bayes optimal risk, i.e.:
' € omgminEy o p BrG0 V)] = Eyieep by (6 ¥)] = minByip (e V)] (264

Here 04(x,y) stands for the surrogate loss function value if the true label is y and we make a

prediction on x using the potential function f(x,y). The loss £ has a similar meaning.

2.6.1 Fisher Consistency for Potential-Based Prediction

We consider Fisher consistency for standard multiclass classification where the prediction is
done by taking the argmax of the potentials, i.e., argmax, f (x,y). This usually applies to the
setting where the predictor and ground truth class labels are chosen from the same set of labels,
ie,y*€),and y € Y = [k]. Given that prediction is based on the argmax of the potentials,

the right-hand side of Equation (2.64) is equivalent to:

EY\XNP E(argryax f* (Xa y/)7 Y)

Yy Y

= HlfinEy‘x,vp [f(argmax f(x9),Y)|. (2.65)

Since f is optimized over all measurable functions, the condition in Equation (2.64]) can be

further simplified as

[ € argmin By p [05(x,Y)] (2.66)
f

= argmax f*(x,y') C argmin Ey|x.p [y, Y)], Vx e X.
Yy Yy
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Using the potential scoring function notation f(x,y), the adversarial surrogate loss in Equa-

tion ([2.12]) can be equivalently written as:

ALp(xy) = max min By poip loss(V, )+ F V) - fon)] . (267)
! P(Y|x) P(Y|x) Y~ PiY P

Then, the Fisher consistency condition for the adversarial surrogate loss ALy becomes:

f* € F* £ argmin By p [ALp(x,Y)] (2.68)
7

= argmax f*(x,y) C Y° £ argmin Eyx~p[loss(y’,Y)].
Y y’

In the sequel, we will show that the condition in Equation holds for our adversarial
surrogate AL for any loss metrics satisfying a natural requirement that the correct prediction
must suffer a loss that is strictly less than incorrect predictions. We start in Theorem by
establishing Fisher consistency when the optimal label is unique (i.e., Y is a singleton), and

then proceed to more general cases in Theorem [2.10

Theorem 2.9. In the standard multiclass classification setting, suppose we have a loss metric
that satisfies the natural requirement: loss(y,y) < loss(y,y') for ally' # y. Then the adversarial
surrogate loss ALy is Fisher consistent if f is optimized over all measurable functions and Y°

s a singleton.

Proof. Let p be the probability mass given by the predictor player P(}}\x), q be the probability

mass given by the adversary player P(Y'|x), and d be the probability mass of the true distribu-
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tion P(Y|x). So, all p, q, and d lie in the k£ dimensional probability simplex A, where k is the
number of classes. Let L be a k-by-k loss matrix whose (y,/)-th entry is loss(y, /). Let f € RF
be the vector encoding of the value of f at all classes. The definition of f* in Equation
now becomes:

f* e i in {£7 TLq—d'f} = i £7 in(Lq), —dTfs.  (2.69
arg?nngleagggg{ q+p'Lq } arg}rmngleag{ q+mym( a)y } (2.69)

Since Y° £ argmin, Ey | p[loss(y, Y)] (or equivalently argmin, (Ld),) contains only a singleton,
we denote it as y°. We are to show that argmax, f* (x,y) is a singleton, and its only element is
exactly y°. Since f* is an optimal solution, the objective function must have a zero subgradient
at f*. That means 0 = q* — d, where q* is an optimal solution in Equation under f*.

As a result:

d € argmax {qTf’k + min(Lq)y} : (2.70)
qeA Y

By the first order optimality condition of constrained convex optimization (see Eq. (4.21)
of (Boyd and Vandenberghe, 2004)), this means:

(f*+ Lo y) (u—d) <0 VueA, (2.71)

where Lo ) is the y°-th row of L, £*+ L0 4T is the gradient of the objective in Equation (2.70)

g

with respect to q evaluated at ¢ = d. Here we used the definition of 4°. However, this inequality
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can hold for some d € A, N IR’_“Hr only if £* + L0 )T is a uniform vector, i.e., f; +loss(y®,y) is
constant in y. To see this, let us assume the contrary that v £ f* + LT is not a uniform
vector, and let ¢ be the index of its maximum element. Setting u = e;, it is clear that for any
de A, ﬁ]RﬁJr, vTu > vTd and hence (f* + L(yoy:)T)T (u—d) > 0, which violates the optimality
condition.

Finally, using the assumption that loss(y,y) < loss(y,y’) for all ¢/ # y, it follows that

argmax, f*(x,y) = argmin, L. .y = {y°}. O

The assumption of loss function in the above theorem is quite mild, requiring only that the
incorrect predictions suffer higher loss than the correct one. We do not even require symmetry
in its two arguments. The key to the proofs is the observation that for the optimal potential
function f*, f*(x,y) -+ loss(y°,y) is invariant to y when Y° = {y°}. We refer to this as the loss
reflective property of the minimizer. In the next theorem, we generalize Theorem to the

case where the Bayes optimal prediction may have ties.

Theorem 2.10. In the standard multiclass classification setting, suppose we have a loss metric
that satisfies the natural requirement: loss(y,y) < loss(y,y’) for all y' # y. Furthermore, if f
is optimized over all measurable functions, then:

(a) there exists f* € F* such that argmax,, f*(x,y) C V° (i.e., satisfies the Fisher consistency

requirement). In fact, all elements in Y° can be recovered by some f* € F*.
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(b) if the loss satisfies argming, 3 yo ayloss(y,y’) C Y° for all ay >0 and 3, cyo oy = 1,
then argmax, f*(x,y) C Y° for all f* € F*. In this case, all f* € F* satisfies the Fisher

consistency requirement.

Proof. Let p, q, and d have the same meaning as in the proof of Theorem Let )° &
argminy(Ld)y which is not necessarily a singleton. The analysis in the proof of Theorem
carries over to this case, except for Equation (2.71). Denote h(q) £ qTf* + min,(Lq),. The

subdifferential of —h(q) evaluated at q = d is the set:

O(=h)(d) = {—f" —v|v e conv{Lge. T |y € V°}}, (2.72)

where conv denotes the convex hull. By extending the first order optimality condition to the

subgradient case, this means that there is a subgradient g € 9(—h)(d) such that:

gllu—d)>0 VYueA. (2.73)

Similar to the singleton Y case, this inequality can hold for some d € AN ]R’i 4 only if g is
a uniform vector. Based on Equation (2.72)), —g —f* can be written as a convex combination of
{L(yo T | y® € Y°}, and the “if and only if” relationship in the above derivation leads to a full

characterization of the optimal potential function set F; for a given x (c.f. Equation ([2.68))):

Fe=Rf"=cl—- Z ayLiy )T | any =0, Z ay=1,ceR,. (2.74)
yeY® yeY®
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This means that multiple solutions of f* are possible. For each element ¢° in )°, we can recover a
fyo in which the argmax,, f;s(x,y) contains a singleton element y° by using Equation (2.74) with
aye = 1 and ayegyo\yo) = 0. This is implied by our loss assumption that loss(y,y) < loss(y,y’)
for all ¥’ # y, and hence argmax, f;o(x,y) = argmin, L, ,). So (a) is proved.

We next prove (b). If we assume argming >- cy0 ayloss(y,y’) € Y° for all o) > 0 and

> yeyo &y = 1, then it follows trivially that argmax, f*(x,y) C Y° for all f* € F%. O

2.6.2 Consistency for Prediction Based on the Predictor Player’s Probability

For a prediction task where the set of options a predictor can choose is different from the
set of ground truth labels (e.g., the classification task with abstention task in Section ,
the analysis in the previous subsection cannot be applied. In this subsection we will establish
consistency properties of the adversarial prediction framework for a general loss matrix where

the prediction is based on the predictor player’s optimal probability.

Theorem 2.11. Given the true distribution P(Y|x) and a loss matriz L, finding the predictor’s
optimal probability in the adversarial prediction framework reduce to finding the Bayes optimal

prediction, assuming that f is allowed to be optimized over all measurable function.

Proof. Since the predictor can choose from [ options which could be different than the k£ number
of classes in the ground truth, d and q lie in the k& dimensional probability simplex AF, while

the predictor’s probability mass p lies in the I dimensional probability simplex Al. Let f € R¥
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the vector encoding of the value of f at all classes. The potential function minimizer f* can
now be written as:

f* € argmin max min {fTq + pTLq — d'f}. (2.75)
f  qgeArpeAl

As noted in our previous analysis, since f* is an optimal solution, the objective function
must have a zero subgradient at f*. That means 0 = q* — d, where q* is an optimal solution
in Equation under f*.

Here we use the probabilistic prediction scheme as mentioned in Equation . The
consistency condition in Equation requires that the loss of this prediction scheme under

the optimal potential f* and the true probability d reaches the Bayes optimal risk, i.e.,

p°'Ld = min(Ld),, where p° = argmin max p'Lq+ f*Tq. (2.76)
Yy peAl quk

Since the maximization over q in Equation (2.75)) does not depend on d7f, we know that d
is also an optimal solution of argmaxgeax minyea: pPTLG + £*Tq. Then, based on the minimax

duality theorem (Von Neumann and Morgenstern, 1945), we know that:

p°TLd + £*7d = min pTLd + f*7d. (2.77)
peAl

This implies that: p°TLd = min,ea: pTLd = min, (Ld),, which concludes our proof. O
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2.7 Optimization

The goal of a learning algorithm in the adversarial prediction framework is to obtain the
optimal Lagrange dual variable 6 that enforces the adversary’s probability distribution to reside
within the moment matching constraints in Equation . In the risk minimization perspective
(Equation ), it is equivalent to finding the parameter € that minimizes the adversarial
surrogate loss (AL) in Equation (2.12)). To find the optimal 6, we employ (sub)-gradient methods

to optimize our convex objective.

2.7.1 Subgradient-Based Convex Optimization

The risk minimization perspective of adversarial prediction framework (Equation (2.6))) can

be written as:

min By 5 [AL(X,Y,6) (2.78)
where: AL(x, , 6) = maxminpTLa + 07 |5, j(x, ) — 6(x,)] .

q€EA pe

The subdifferential of the expected adversarial loss in the objective above is equal to the ex-

pected subdifferential of the loss for each sample (Rockafellar, 1970, Corollary 23.8):
9 Ex yp [AL(X,Y,0)] = Exy.p [0p AL(X,Y,0)]. (2.79)

Theorem describes the subgradient of the adversarial surrogate loss with respect to 6.
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Theorem 2.12. Given 6, suppose the set of optimal q for the maximin inside the AL is Q*:

Q" = argmaxmig {pTLa + 07 [, j0(x.3) ~ o(x.)] }. (2.80)

Then the subdifferential of the adversarial loss AL(x,y,0) with respect to the parameter 6 can

be fully characterized by
O AL(x.y,0) = conv {53, 470(x,j) — (x.9) [ a € Q" }. (2.81)

Proof. Denote (6, q) = minpea {pTLq + 67 [ZJ q;0(x,j) — gb(x,y)} } Then for any fixed q,
©(0,q) is a closed proper convex function in §. Denote g(f) £ maxqea ©(6,q). Then the
interior of its domain int(dom g) is the entire Euclidean space of 6, and ¢ is continuous on
int(dom g) x A. Using the obvious fact that dypp(6,q) = {Z] q;0(x,7) — o(x, y)}, the desired

conclusion follows directly from Proposition A.22 of (Bertsekas, 1971)). O

The runtime complexity to calculate the subgradient of AL for one example above is O(k39)
due to the need to solve the inner minimiax using linear program (Karmarkar’s algorithm). For
the loss metrics that we have studied in Section 3 we construct faster ways to compute the

subgradient as follows.

Corollary 2.5. The subdifferential of AL’ (x,vy,0) with respect to 0 includes:

89 ALO_Z(Xv Y, 0) > |,5‘71*| ZjGS* ¢(X’]) - ¢(X7 y)? (282)
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where S* is an optimal solution set of the mazimization inside the ALY, i.e.:

Zjes‘ 0To(x,7) + |S] — 1

S* € argmax (2.83)
SCIK], S0 5]
Corollary 2.6. The subdifferential of AL°™(x,y,0) with respect to 0 includes:
9y AL™(x,y,0) 3 § (6(x, i) + o(x,5")) — ¢(x,y), (2.84)
where i*, 7% is the solution of:
oT N T . .
(1*,7%) € argmax $(x,8) + 016(x,5) +J L (2.85)

ij€lk] 2

Corollary 2.7. The subdifferential of AL (x 4.0, o) where 0 < a < % with respect to 0

includes:

, (I —a)d(x,1") + ad(x,j°) — d(x,y) 9(x,y,0,0) > h(x,y,0,a)
(99 ALabSt(un(X,y,07Of) 5

(%, 1*) — o(x,y) otherwise,

(2.86)
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where:

g(vavgva) = max (1 —Oé) fl+af] + a, h(x,y,@,a) = maxf17 (287)
i,j €[k i#] !
(1%,7%) € argmax (1 — o) fi + afj + «, 1" = argmax fj, (2.88)
i,J€[k] i) !

and the potential f; is defined as f; = 0Tp(x,1).

The runtime of the subgradient computation algorithms above are the same as the runtime
of computing the adversarial surrogate losses, i.e., O(klogk) for AL, O(k) for AL™, and
O(k) for AL2bstain - This is a significant speed-up compared to the technique that uses a linear
program solver.

Since we already have algorithms for computing the subgradient of AL, any subgradient
based optimization techniques can be used to optimize # including some stochastic (sub)-
gradient techniques like SGD, AdaGrad, and ADAM or batch (sub)-gradient techniques like
L-BFGS. Some regularization techniques such as L1 and L2 regularizations, can also be added
to the objective function. The optimization is guaranteed to converge to the global optimum

as the objective is convex.

2.7.2 Incorporating Rich Feature Spaces via the Kernel Trick

Considering large feature spaces is important for developing an expressive classifier that
can learn from large amounts of training data. Indeed, Fisher consistency requires such feature
spaces for its guarantees to be meaningful. However, naively projecting from the original feature

space, ¢(x,y), to a richer (or possibly infinite) feature space w($(x,y)), can be computationally
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burdensome. Kernel methods enable this feature expansion by allowing the dot products of
certain feature functions to be computed implicitly, i.e., K(¢(x4,vi), ¢(X;,v;5)) = w(d(xi,y5)) -
w(p(x5,9;5))-

To formulate a learning algorithm for adversarial surrogate losses that can incorporate richer
feature spaces via kernel trick, we apply the PEGASOS algorithm (Shalev-Shwartz et al., 2011))
to our losses. Instead of optimizing the problem in the dual formulation as in many kernel
trick algorithms, PEGASOS allows us to incorporate the kernel trick into its primal stochastic

subgradient optimization technique. The algorithm works on L2 penalized risk minimization,
. A2

where A is the regularization penalty parameter. Since we want to perform stochastic opti-
mization, we replace the objective above with an approximation based on a single training

example:

A
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where i; indicates the index of the example randomly selected at iteration ¢. Therefore, the

subgradient of our objective function with respect to the parameter 6 at iteration t is:

86(,t) :)\H(t) + Zj q;(t)qb(ximj) - ¢(Xit7 yit)? (291)

where: q* ) = argmax min p'Lq + f(t)Tq - fzsov
qeA PEA 't

fy(t) =007 (xy,, 5).

The algorithm starts with zero initialization, i.e., 81) = 0 and uses a pre-determined learning

rate scheme n(t) = % to take optimization steps,

P+ — () _ n(t)a(gt) — 9 _ %a(gt)_ (2.92)

Let us denote gl) =3 4 ® (x4, 5) — d(x4,, yi,) from Equation (2.91)), then the update steps

can be written as:
o+ — (1 — %)g(t) _ %g(t)_ (2.93)

By accumulating the weighted contribution of g for each step, the value of 8 at iteration ¢ + 1

is:

t
1
pl+1) — _EE :g(l)’ (2.94)
=1
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which can be expanded to the original formulation of our subgradient:

t ok
1
9(t+1):_ﬁzz l)¢ (xi,,7) — (i, Uiy, (2.95)
I=1 j=1

where q* () = = argmaxmin pTLq + £ Z)T fgsl)
geA PEA K

fj(l) = G(Z)T(;S(X’lej)

Let z be the one-hot vector representation of the ground truth label y where its elements
are z, = 1, and z; = 0 for all j # y. From the definition of g(*), let us denote r{*) = q -z,
then g can be equivalently written as g(t) = 37 0T ®) p(x;,, 7). We denote aEtH) as a vector
that accumulates the value of r for the ¢-th example each time it is selected until iteration t.

Then, the value of #*+1) in Equation (2.95) can be equivalently written as:

o) Atzz Do ), (2.96)

=1 j=1

(t+1) (t+1)

where G indicates the j-th element of the vector a;; " . Using this notation, the potentials

£(®) used to calculate the adversarial loss can be computed as:

n k

, 1 . .
f](t) e(t)T(z)(X“’]) - M Z ” ag’),j’) ¢(Xi’7]/) FO(Xi,5 ) (2.97)

i g

Note that the computation of the potentials above only depends on the dot product between

the feature functions weighted by the a variables.
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Since the algorithm only depends on the dot products, to incorporate a richer feature spaces

w(p(x,y)), we can directly apply kernel function in the computation of the potentials,

n k
17 =00Tw(o(xi,, ) = — % oD el nwlotx, 7)) - w(@xi ) (2.98)
il g

n k

1
== 2 2 KOk, 7). 0, ) (2.99)

5/

J

The detailed algorithm for our adversarial surrogate loss is described in Algorithm

Algorithm 1 PEGASOS algorithm for adversarial surrogate losses with kernel trick

I: Input: Training data (x1,v1),...(Xn,Yn), LA\, T, k

2 ol o0,vie{l,...,n}

3: Let z; be the one-hot encoding of y; for all i € {1,...,n}

4: fort + 1,2,...,T do

5. Choose i; € {1,...,n} uniformly at random

6:  Compute f¥), where f](t) — -0 Zf, agz,)’j,)K(cb(xi/,j’), &(xi,,7))
. qt® « argmaxge A Minpea pTLQ + fOTqg — f:lsib)

8: agﬂ) — al(-f) +q® — g,

9: end for

10: return al(tﬂ), Vie{l,...,n}

2.8 Experiments

We conduct experiments on real data to investigate the empirical performance of the ad-

versarial surrogate losses in several prediction tasks.



7

2.8.1 Experiments for Multiclass Zero-One Loss Metric

We evaluate the performance of the AL%! classifier and compare it with the three most
popular multiclass SVM formulations: the WW (Weston et al., 1999), the CS (Crammer and
Singer, 2002), and the LLW (Lee et al., 2004). We use 12 datasets from the UCI machine learning
repository (Lichman, 2013) with various sizes and numbers of classes (details in [Table T)). For
each dataset, we consider the methods using the original feature space (linear kernel) and a

kernelized feature space using the Gaussian radial basis function kernel.

TABLE 1. Properties of the datasets for the zero-one loss metric experiments.

Dataset Properties

#class #train # test #feature
(1) iris 3 105 45 4
(2) glass 6 149 65 9
(3) redwine 10 1119 480 11
(4) ecoli 8 235 101 7
(5) wvehicle 4 592 254 18
(6) segment 7 1617 693 19
(7) sat 7 4435 2000 36
(8) optdigits 10 3823 1797 64
(9) pageblocks 5 3831 1642 10
(10) libras 15 252 108 90
(11) vertebral 3 217 93 6
(12) breasttissue 6 74 32 9




78

For our experimental methodology, we first make 20 random splits of each dataset into
training and testing sets. We then perform two-stage, five-fold cross validation on the training
set of the first split to tune each model’s parameter C' and the kernel parameter v under the
kernelized formulation. In the first stage, the values for C are 2¢,i = {0, 3, 6,9, 12} and the values
for v are 2,4 = {—12, -9, —6, —3,0}. We select final values for C from 2¢Cy,i = {—2, 1,0, 1,2}
and values for v from 2%7p,i = {—2,—1,0,1,2} in the second stage, where Cy and 7y are the
best parameters obtained in the first stage. Using the selected parameters, we train each model
on the 20 training sets and evaluate the performance on the corresponding testing set. We
use the Shark machine learning library (Igel et al., 2008|) for the implementation of the three
multiclass SVM formulations.

We report the accuracy of each method averaged over the 20 dataset splits for both linear
feature representations and Gaussian kernel feature representations in We denote the
results that are either the best of all four methods or not worse than the best with statistical
significance (under the non-parametric Wilcoxon signed-rank test with a@ = 0.05) using bold
font. We also show the accuracy averaged over all of the datasets for each method and the
number of datasets for which each method is “indistinguishably best” (bold numbers) in the
last row. As we can see from the table, the only alternative model that is Fisher consistent—
the LLW model—performs poorly on all datasets when only linear features are employed. This
matches with previous experimental results conducted by (Dogan et al., 2016)) and demonstrates
a weakness of using an absolute margin for the loss function (rather than the relative margins of

all other methods). The AL%! classifier performs competitively with the WW and CS models
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TABLE II. The mean and (in parentheses) standard deviation of the accuracy for each model
with linear kernel and Gaussian kernel feature representations. Bold numbers in each case
indicate that the result is the best or not significantly worse than the best (Wilcoxon signed-
rank test with a = 0.05).

D Linear Kernel Gaussian Kernel

ALO WW CS LLW AL! WW CS LLW
(1) 96.3 (3.1) 96.0 (2.6) 96.3 (2.4) 79.7 (5.5) 96.7 (2.4) 96.4 (2.4) 96.2 (2.3) 95.4 (2.1)
(2) 62.5 (6.0) 62.2 (3.6) 62.5(3.9) 52.8(4.6) 69.5(4.2) 66.8 (4.3) 69.4 (4.8) 69.2 (44)
(3) 58.8 (2.0) 59.1(1.9) 56.6 (2.0) 57.7(1.7) 63.3(1.8) 64.2(2.0)0 64.2(1.9) 64.7(2.1)
(4) 86.2 (2.2) 85.7(2.5) 85.8(2.3) 74.1(3.3) 86.0(2.7) 84.9(2.4) 85.6(24) 86.0(2.5)
(5) 78.8 (2.2) 78.8 (1.7) 78.4 (2.3) 69.8 (3.7) 84.3 (2.5) 84.4 (2.6) 83.8 (2.3) 84.4 (2.6)
(6) 94.9 (0.7) 949 (0.8) 95.2 (0.8) 75.8(1.5) 96.5(0.6) 96.6 (0.5) 96.3 (0.6) 96.4 (0.5)
(7) 84.9 (0.7) 85.4 (0.7) 84.7(0.7) 74.9 (0.9) 91.9 (0.5) 92.0(0.6) 91.9 (0.5) 91.9 (0.4)
(8) 96.6 (0.6) 96.5 (0.7) 96.3 (0.6) 76.2(2.2) 98.7(0.4) 98.8(0.4) 98.8(0.3) 98.9(0.3)
(9) 96.0 (0.5) 96.1 (0.5) 96.3 (0.5) 92.5(0.8) 96.8 (0.5) 96.6 (0.4) 96.7(0.4) 96.6 (0.4)
(10) 74.1(3.3) 72.0(3.8) 71.3(4.3) 34.0(6.4) 83.6(3.8) 83.8(3.4) 85.0(3.9) 83.2(4.2)
(11) 85.5(2.9) 85.9(2.7) 85.4(3.3) 79.8(5.6) 86.0(3.1) 85.3(2.9) 85.5(3.3) 84.4(2.7)
(12) 64.4 (7.1) 59.7(7.8) 66.3 (6.9) 58.3(8.1) 68.4(8.6) 68.1(6.5) 66.6(8.9) 68.0(7.2)
avg 81.59 81.02 81.25 68.80 85.14 84.82 85.00 84.93
#b 9 7 8 0 9 7 7 8

with slight advantages on overall average accuracy and a larger number of “indistinguishably
best” performances on datasets—or, equivalently, fewer statistically significant losses to any
other method.

The kernel trick in the Gaussian kernel case provides access to much richer feature spaces,
improving the performance of all models, and the LLW model especially. In general, all mod-
els provide competitive results in the Gaussian kernel case. The AL%! classifier maintains a
similarly slight advantage and only provides performance that is sub-optimal (with statistical

significance) in three of the twelve datasets versus six of twelve and five of twelve for the other
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methods. We conclude that the multiclass adversarial method performs well in both low and
high dimensional feature spaces. Recalling the theoretical analysis of the adversarial method, it
is a well-motivated (from the adversarial zero-one loss minimization) multiclass classifier that

enjoys both strong theoretical properties (Fisher consistency) and empirical performance.

2.8.2 Experiments for Multiclass Ordinal Classification

We conduct our ordinal classification experiments on a benchmark dataset for ordinal re-
gression (Chu and Ghahramani, 2005), evaluate the performance using mean absolute error
(MAE), and perform statistical tests on the results of different hinge loss surrogate methods.
The benchmark contains datasets taken from the UCI machine learning repository (Lichman,
2013)), which range from relatively small to relatively large datasets. The characteristic of the
datasets, i.e., the number of classes, the training set size, the testing set size, and the number
of features is described in

In the experiment, we consider the methods using the original feature space and using a
Gaussian radial basis function kernel feature space. The methods that we compare include two
variations of our approach, the threshold based (AL®"¢*")  and the multiclass-based (AL°™4™¢),
The baselines we use for the threshold-based models include an SVM-based reduction framework
algorithm (RED'™) (Li and Lin, 2007), the all threshold method with hinge loss (AT) (Shashua!
and Levin, 2003; |(Chu and Keerthi, 2005), and the immediate threshold method with hinge loss
(IT) (Shashua and Levin, 2003 |(Chu and Keerthi, 2005)). For the multiclass-based models, we
compare our method with an SVM-based reduction framework algorithm using multiclass fea-

tures (RED™€) (Li and Lin, 2007)), cost-sensitive one-sided support vector regression (CSOSR)



81

TABLE III. Properties of the datasets for the ordinal classification experiments.

Dataset  #class #train #test #features

diabetes 5 30 13 2
pyrimidines 5 51 23 27
triazines 5 130 56 60
wisconsin 5 135 59 32
machinecpu 10 146 63 6
autompg 10 274 118 7
boston 5 354 152 13
stocks 5 665 285 9
abalone 10 2923 1254 10
bank 10 5734 2458 8
computer 10 5734 2458 21
calhousing 10 14447 6193 8

(Tu and Lin, 2010)), cost-sensitive one-versus-one SVM (CSOVO) (Lin, 2014)), and cost-sensitive
one-versus-all SVM (CSOVA) (Lin, 2008]). For our Gaussian kernel experiment, we compare
our threshold-based model (AL with SVORIM and SVOREX (Chu and Keerthi, 2005).
In our experiments, we first make 20 random splits of each dataset into training and testing
sets. We performed two stages of five-fold cross validation on the first split training set for
tuning each model’s regularization constant A. In the first stage, the possible values for A are
270 i ={1,3,5,7,9,11,13}. Using the best X in the first stage, we set the possible values for X in
the second stage as 2%)\0,1' ={-3,-2,—-1,0,1,2,3}, where \g is the best parameter obtained in
the first stage. Using the selected parameter from the second stage, we train each model on the
20 training sets and evaluate the MAE performance on the corresponding testing set. We then

perform a statistical test to find whether the performance of a model is different with statistical
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significance from other models. Similarly, we perform the Gaussian kernel experiments with
the same model parameter settings as in the multiclass zero-one experiments.

We report the mean absolute error (MAE) averaged over the dataset splits as shown in

[Table IV] and [I'able V| We highlight the results that are either the best or not worse than

the best with statistical significance (under the non-parametric Wilcoxon signed-rank test with
a = 0.05) in boldface font. We also provide the summary for each model in terms of the
averaged MAE over all datasets and the number of datasets for which each model marked with
boldface font in the bottom of the table.

As we can see from in the experiment with the original feature space, threshold-
based models perform well on relatively small datasets, whereas multiclass-based models per-
form well on relatively large datasets. A possible explanation for this result is that multiclass-
based models have more flexibility in creating decision boundaries, hence perform better if
the training data size is sufficient. However, since multiclass-based models have many more
parameters than threshold-based models (mk parameters rather than m + k — 1 parameters),
multiclass methods may need more data, and hence, may not perform well on relatively small
datasets.

In the threshold-based models’ comparison, AL RED™ and AT perform competitively
on relatively small datasets like triazines, wisconsin, machinecpu, and autompg. ALC™dth
has a slight advantage over RED™ on the overall accuracy, and a slight advantage over AT on

the number of “indistinguishably best” performance on all datasets. We can also see that AT

is superior to IT in the experiments under the original feature space. Among the multiclass-
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TABLE IV. The average and (in parenthesis) standard deviation of the mean absolute error
(MAE) for each model. Bold numbers in each case indicate that the result is the best or not
significantly worse than the best (Wilcoxon signed-rank test with a = 0.05).

Dataset Threshold-based models Multiclass-based models
ALYt RED™ AT IT  AL4™¢ RED™ CSOSR CSOVO CSOVA
dibetes 0.696 0.715 0.731 0827 0.692 0.700 0.715  0.738  0.762
(0.13)  (0.19) (0.15) (0.28)  (0.14)  (0.15)  (0.19)  (0.16)  (0.19)
. 0654 0678 0.615 0.626 0.509 0565 0.520  0.576  0.526
pyrimidines 10 (015)  (0.3)  (0.14)  (0.12)  (0.13)  (0.13)  (0.16) (0.16)
Criagines 0.607 0683 0649 0654 0670  0.673  0.677  0.738 0.732
(0.09)  (0.11) (0.11) (0.12)  (0.09)  (0.11)  (0.10)  (0.10)  (0.10)
L 1.077  1.067 1.097 1.175  1.136  1.141  1.208  1.275 1.338
WISCONSIL (0.11)  (0.12) (0.11) (0.14)  (0.11)  (0.10)  (0.12)  (0.15) (0.11)
. 0.449 0.456 0.458 0.467 0518 0515  0.646  0.602 0.702
machinecpu 50y (0.09)  (0.09) (0.10)  (0.11)  (0.10)  (0.10)  (0.09) (0.14)
0.551  0.550 0.550 0617 0599  0.602  0.741  0.598 0.731
autompg (0.06)  (0.06) (0.06) (0.07)  (0.06)  (0.06)  (0.07)  (0.06)  (0.07)
beston 0316  0.304 0.306 0.298 0311 0311 0353  0.294  0.363
(0.03)  (0.03) (0.03) (0.04) (0.03)  (0.04)  (0.05)  (0.04)  (0.04)
o 0324 0317 0315 0324 0168 0175 0204  0.147 0213
stocks (0.02)  (0.02) (0.02) (0.02)  (0.02)  (0.03)  (0.02)  (0.02) (0.02)
A balome 0551  0.547 0.546 0.571  0.521  0.520  0.545  0.558 0.556
(0.02)  (0.02) (0.02) (0.02) (0.02)  (0.02)  (0.02)  (0.02)  (0.02)
bank 0461 0460 0461 0461  0.445  0.446  0.732  0.448 0.989
(0.01)  (0.01) (0.01) (0.01) (0.01)  (0.01)  (0.02)  (0.01)  (0.02)
0.640  0.635 0.633 0.683 0.625  0.624  0.889  0.649 1.055
computer (0.02)  (0.02) (0.02) (0.02) (0.01)  (0.02)  (0.02)  (0.02)  (0.02)
. 1190  1.183 1182 1225  1.164  1.144 1237  1.202 1.601
calbousing o 51y (0.01)  (0.01) (0.01)  (0.01)  (0.01)  (0.01)  (0.01)  (0.02)
average 0626  0.633 0629 0.661 0613  0.618  0.706  0.652 0.797

# bold 5 ) 4 2 ) 5 2 2 2
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based models, AL°™"™¢ and RED™® perform competitively on datasets like abalone, bank, and
computer, with a slight advantage of AL°"™¢ model on the overall accuracy. In general, the
cost-sensitive models perform poorly compared with AL®*4™¢ and RED™. A notable exception

is the CSOVO model which perform very well on the stocks, and boston datasets.

TABLE V. The mean and (in parenthesis) standard deviation of the MAE for models with
Gaussian kernel. Bold numbers in each case indicate that the result is the best or not signifi-
cantly worse than the best (Wilcoxon signed-rank test with o = 0.05).

Dataset ALerdth SVORIM  SVOREX

diabetes 0.696 (0.13) 0.665 (0.14) 0.688 (0.18)
pyrimidines 0.478 (0.11) 0.539 (0.11)  0.550 (0.11)
triazines 0.608 (0.08) 0.612 (0.09) 0.604 (0.08)
wisconsin 1.090 (0.10) 1.113 (0.12) 1.049 (0.09)
machinecpu  0.452 (0.09) 0.652 (0.12)  0.628 (0.13)
autompg 0.529 (0.04) 0.589 (0.05)  0.593 (0.05)
boston 0.278 (0.04) 0.324 (0.03)  0.316 (0.03)
stocks 0.103 (0.02) 0.099 (0.01) 0.100 (0.02)
average 0.531 0.574 0.566

# bold 8 3 4

In the Gaussian kernel experiment, we can see from that the kernelized version of
ALt herforms significantly better than the threshold-based models SVORIM and SVOREX
in terms of both the overall accuracy and the number of “indistinguishably best” performance

on all datasets. We also note that immediate-threshold-based model (SVOREX) performs
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better than all-threshold-based model (SVORIM) in our experiment using Gaussian kernel. We
can conclude that our proposed adversarial losses for ordinal regression perform competitively
compared to the state-of-the-art ordinal regression models using both original feature spaces
and kernel feature spaces with a significant performance improvement in the Gaussian kernel
experiments.

2.8.3 Experiments for Multiclass Classification with Abstention

We conduct experiments for classification with abstention tasks using the same dataset as in
the multiclass zero-one experiments . We compare the performance of our adversarial
surrogate loss (AL2P5%2im) with the SVM’s one-vs-all (OVA) and Crammer & Singer (CS) formu-
lations for classification with abstention (Ramaswamy et al., 2018). We evaluate the prediction

performance for a k-class classification using the abstention loss:

Q@ g=k+1
loss(y,y) = (2.100)

I(y #vy) otherwise,

where § = k + 1 indicates an abstain prediction, and « is a fixed value for the penalty for

making abstain prediction. Throughout the experiments, we use the standard value of a = %

Similar to the setup in the previous experiments, we make 20 random splits of each dataset
into training and testing sets. We then perform two-stage, five-fold cross validation on the
training set of the first split to tune each model’s parameter (C' or \) and the kernel parameter

~ under the kernelized formulation. Using the selected parameters, we train each model on

the 20 training sets and evaluate the performance on the corresponding testing set. In the
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Labstain 59 presented in

prediction step, we use a non-probabilistic prediction scheme for A
Corollary 2.4l For the baseline methods, we use a threshold base prediction scheme as presented
in (Ramaswamy et al., 2018) with the default value of the threshold 7 for each model (7 = 0.5
for the SVM-CS, and 7 = 0 for the SVM-OVA).

We report the abstention loss averaged over the dataset splits as shown in We
highlight the results that are either the best or not worse than the best with statistical signif-
icance (under the non-parametric Wilcoxon signed-rank test with o = 0.05) in boldface font.
We also report the average percentage of abstain predictions produced by each model in each
dataset. Finally, we provide the summary for each model in terms of the averaged abstention
loss over all datasets and the number of datasets for which each model is marked with boldface
font in the bottom of the table.

The results from indicates that all models output more abstain predictions in the
case of the dataset with higher noise (i.e., bigger value of loss). The percentage of abstain
predictions of AL2Pstain  QVM-OVA, and SVM-CS are fairly similar. In some datasets like
segment and pageblocks, all models output very rarely abstain, whereas in some datasets like
redwine and breasttissue, some of the models abstain for more than 50% of the total number
of testing examples. The results show that this percentage does not depend on the number
of classes. For example, both redwine and optdigits are 10-class classification problems.
However, the percentage of abstain prediction for optdigits is far less than the one for redwine.

In the linear kernel experiments, the AL2Psti" performs best compared the baselines in

terms of the overall abstention loss and the number of “indistinguishably best” performance,
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TABLE VI. The mean and (in parentheses) standard deviation of the abstention loss, and (in
square bracket) the percentage of abstain predictions for each model with linear kernel and
Gaussian kernel feature representations. Bold numbers in each case indicate that the result is
the best or not significantly worse than the best (Wilcoxon signed-rank test with a = 0.05).

Linear Kernel

Gaussian Kernel

Dataset
ALabstain OVA s ALabstain OVA s
. 0.037 (0.02) 0.122 (0.04) 0.038 (0.02) 0.051 (0.03) 0.120 (0.04) 0.043 (0.03)
s [7%) [13%) [6%) [6%) [14%] [1%]
s 0.380 (0.04) 0.393 (0.04) 0.379 (0.04) 0.302 (0.03) 0.393 (0.04) 0.317 (0.03)
gass [40%) [27%) [38%) 37%) [35%] [25%)
i 0.418 (0.01) 0.742 (0.04)  0.423 (0.01) 0.373 (0.01) 0.742 (0.04)  0.391 (0.01)
redwine [58%] [50%] [54%) [42%)] [50%] [58%]
i 0.165 (0.02) 0.222 (0.10) 0.213 (0.10)  0.160 (0.03)  0.221 (0.10) 0.144 (0.02)
eeolt [17%] [11%] [15%] [17%] [11%] [5%]
Licl 0.214 (0.02) 0.231 (0.02) 0.216 (0.02) 0.206 (0.03) 0.226 (0.03)  0.300 (0.02)
vemeie [23%] [17%] [20%] [20%)] [15%] 31%)]
0.061 (0.01)  0.082 (0.01) 0.052 (0.01) 0.042 (0.01) 0.084 (0.01)  0.102 (0.01)
segment [7%] [11%) [6%] [5%] [11%] [13%]
0.147 (0.01) 0.356 (0.01)  0.337 (0.01) 0.094 (0.01) 0.356 (0.01)  0.181 (0.01)
sat [14%] [20%] [14%] [9%] [20%] [4%)
Lt 0.037 (0.01)  0.045 (0.01)  0.038 (0.01)  0.062 (0.01) 0.051 (0.01) 0.072 (0.01)
OpLAigIts [4%) [5%] 5% [12%] [5%] [8%]
Dlocks  0-040 (0.01)  0.042 (0.01)  0.045 (0.02) 0.037 (0.01) ~ 0.042 (0.01) ~ 0.060 (0.01)
prgeblocts [3%] [1%] [4%] [4%] [1%] [4%]
libras 0.260 (0.03) 0.253 (0.02) 0.253 (0.02) 0.263 (0.02) 0.362 (0.04) 0.207 (0.03)
[36%] 36%] [36%) [50%)] [4%)] [14%]
cebral 0.154 (0.02)  0.147 (0.02) 0.159 (0.02)  0.181 (0.02) 0.147 (0.03)  0.220 (0.04)
vertebra [16%] [7%] [14%) [22%] [7%) [4%)
breasttissue 0318 (0.04)  0.316 (0.05)  0.326 (0.06) 0.330 (0.04) 0.313 (0.06) 0.367 (0.03)
[51%)] 37%] [32%) [54%)] [32%] 67%)]
average 0.186 0.246 0.207 0.175 0.255 0.200
# bold 10 4 8 8 3 4
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followed by SVM-CS and then SVM-OVA. The AL?P%i" has a slight advantage compared with
the SVM-CS in most of the datasets in the linear kernel experiments except in few datasets that
the AL2Pstin outperfoms the SVM-CS by significant margins. Overall, the SVM-OVA performs
poorly on most datasets except in a few datasets (1ibras, vertebral, and breasttissue).
The introduction of non-linearity via the Gaussian kernel improves the performance of both
AL2bstain and SVM-CS as we see from The AL?Pstain method maintains its advantages
over the baselines in terms of the overall abstention loss and the number of “indistinguishably
best” performances. We can conclude that AL2Pstain performs competitively compared to the
baseline models using both original feature spaces and the Gaussian kernel feature spaces. We
note that these competitive advantages do not have any drawbacks in terms of the computa-
tional cost compared to the baselines. As described in Section 3.5 and Section 4.3, the surrogate

loss function and prediction rule are relatively simple and easy to compute.

2.9 Conclusions and Future Works

In this section, we proposed an adversarial prediction framework for general multiclass
classification that seeks a predictor distribution that robustly optimizes non-convex and non-
continuous multiclass loss metrics against the worst-case conditional label distributions (the
adversarial distribution) constrained to (approximately) match the statistics of the training
data. The dual formulation of the framework resembles a risk minimization model with a
convex surrogate loss we call the adversarial surrogate loss. These adversarial surrogate losses
provide desirable properties of surrogate losses for multiclass classification. For example, in the

case of multiclass zero-one classification, our surrogate loss fills the long-standing gap in multi-
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class classification by simultaneously: guaranteeing Fisher consistency, enabling computational
efficiency via the kernel trick, and providing competitive performance in practice. Our formu-
lations for the ordinal classification problem provide novel consistent surrogate losses that have
not previously been considered in the literature. Lastly, our surrogate loss for the classification
with abstention problem provides a unique consistent method that is applicable to binary and
multiclass problems, fast to compute, and also competitive in practice.

In general, we showed that the adversarial surrogate losses for general multiclass classifi-
cation problems enjoy the nice theoretical property of Fisher consistency. We also developed
efficient algorithms for optimizing the surrogate losses and a way to incorporate rich feature
representation via kernel tricks. Finally, we demonstrated that the adversarial surrogate losses
provide competitive performance in practice on several datasets taken from UCI machine learn-
ing repository. We will investigate the adversarial prediction framework for more general loss
metrics (e.g., multivariate loss metrics), and also for different prediction settings (e.g., active

learning and multitask learning) in our future works.



CHAPTER 3

PERFORMANCE-ALIGNED ADVERSARIAL GRAPHICAL MODELS

(This chapter was previously published as “Distributionally Robust Graphical Models”
(Fathony et al., 2018b)) in the Advances in Neural Information Processing Systems 31 (NeurIPS
2018).)

3.1 Introduction

Learning algorithms must consider complex relationships between variables to provide use-
ful predictions in many structured prediction problems. These complex relationships are often
represented using graphs to convey the independence assumptions being employed. For exam-
ple, chain structures are used when modeling sequences like words and sentences (Manning and
Schutze, 1999), tree structures are popular for natural language processing tasks that involve
prediction for entities in parse trees (Cohn and Blunsom, 2005} [Hatori et al., 2008} Sadeghian
et al., 2016), and lattice structures are often used for modeling images (Nowozin et al., 2011)).
The most prevalent methods for learning with graphical structure are probabilistic graphical
models (e.g., conditional random fields (CRFs) (Lafferty et al., 2001))) and large margin models
(e.g., structured support vector machines (SSVMs) (Tsochantaridis et al., 2005) and maximum
margin Markov networks (M3Ns) (Taskar et al., 2005a)). Both types of models have unique
advantages and disadvantages. CRFs with sufficiently expressive feature representation are con-

sistent estimators of the marginal probabilities of variables in cliques of the graph (Li, 2009),

90
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but are oblivious to the evaluative loss metric during training. On the other hand, SSVMs di-
rectly incorporate the evaluative loss metric in the training optimization, but lack consistency
guarantees for multiclass settings (Tewari and Bartlett, 2007; Liu, 2007)).

To address these limitations, we propose adversarial graphical models (AGM), a distribu-
tionally robust framework for leveraging graphical structure among variables that provides both
the flexibility to incorporate customized loss metrics during training as well as the statistical
guarantee of Fisher consistency for a chosen loss metric. Our approach is based on a robust
adversarial formulation (Topsge, 1979} |Grunwald and Dawid, 2004} Asif et al., 2015|) that seeks
a predictor that minimizes a loss metric in the worst-case given the statistical summaries of the
empirical distribution. We replace the empirical training data for evaluating our predictor with
an adversary that is free to choose an evaluating distribution from the set of distributions that
match the statistical summaries of empirical training data via moment matching constraints,
as defined by a graphical structure.

Our AGM framework accepts a variety of loss metrics. A notable example that connects
our framework to previous models is the logarithmic loss metric. The conditional random field
(CRF) model (Lafferty et al., 2001)) can be viewed as the robust predictor that best minimizes
the logarithmic loss metric in the worst-case subject to moment matching constraints. We
focus on a family of loss matrices that additively decomposes over each variable and is defined
only based on the label values of the predictor and evaluator. For examples, the additive zero-
one (the Hamming loss), ordinal regression (absolute), and cost sensitive metrics fall into this

family of loss metrics. We propose efficient exact algorithms for learning and prediction for
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graphical structures with low treewidth. Finally, we experimentally demonstrate the benefits

of our framework compared with the previous models on structured prediction tasks.

3.2 Background and related works

3.2.1 Structured prediction, Fisher consistency, and graphical models

The structured prediction task is to simultaneously predict correlated label variables y €
Y—often given input variables x € X—to minimize a loss metric (e.g., loss : Y x Y — R)
with respect to the true label values y. This is in contrast with classification methods that
predict one single variable y. Given a distribution over the multivariate labels, P(y), Fisher
consistency is a desirable characteristic that requires a learning method to produce predictions
¥ that minimize the expected loss of this distribution, y* € argming Ey, s[loss(y, Y)], under
ideal learning conditions (i.e., trained from the true data distribution using a fully expressive
feature representation).

To reduce the complexity of the mappings from X to Y being learned, independence assump-
tions and more restrictive representations are employed. In probabilistic graphical models, such
as Bayesian networks (Pearl, 1985)) and random fields (Lafferty et al., 2001)), these assumptions
are represented using a graph over the variables. For graphs with arbitrary structure, inference
(i.e., computing posterior probabilities or maximal value assignments) requires exponential time
in terms of the number of variables (Cooper, 1990)). However, this run-time complexity reduces
to be polynomial in terms of the number of predicted variables for graphs with low treewidth

(e.g., chains, trees, cycles).
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3.2.2 Conditional random fields as robust multivariate log loss minimization

Following ideas from robust Bayes decision theory (Topsge, 1979; |Grinwald and Dawid,
2004) and distributional robustness (Delage and Ye, 2010), the conditional random field (Laf-
ferty et al., 2001) can be derived as a robust minimizer of the logarithmic loss subject to

moment-matching constraints:

min max E 5 s, [—log P(Y|X)] such that: E . [®(X,Y)] =Ex y._p[@(X,Y)],  (3.1)
P(1x) PO 5 xp VX~ P ’

where ® : X x Y — RF are feature functions that typically decompose additively over subsets
of variables. Under this perspective, the predictor P seeks the conditional distribution that
minimizes log loss against an adversary P seeking to choose an evaluation distribution that
approximates training data statistics, while otherwise maximizing log loss. As a result, the
predictor is robust not only to the training sample ]5, but all distributions with matching
moment statistics (Grunwald and Dawid, 2004).

The saddle point for Equation is obtained by the parametric conditional distribu-
tion Py(y|x) = Py(y|x) = ee’¢(x’y)/2y,ey e?®(¥") with parameters 6 chosen by maximizing
the data likelihood: argmaxyEy v p [log P@(Y‘X)}. The decomposition of the feature func-
tion into additive clique features, ®;(x,y) = >_.cc, #c,i(Xc, ¥c), can be represented graphically
by connecting the variables within cliques with undirected edges. Dynamic programming al-
gorithms (e.g., junction tree) allow the exact likelihood to be computed in run time that is

exponential in terms of the treewidth of the resulting graph (Cowell et al., 2006)).
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Predictions for a particular loss metric are then made using the Bayes optimal prediction

for the estimated distribution: y* = argmin, EY|x~ P [loss(y,Y)]. This two-stage prediction
approach can create inefficiencies when learning from limited amounts of data since optimization
may focus on accurately estimating probabilities in portions of the input space that have no
impact on the decision boundaries of the Bayes optimal prediction. Rather than separating the

prediction task from the learning process, we incorporate the evaluation loss metric of interest

into the robust minimization formulation of Equation (3.1)) in this work.

3.2.3 Structured support vector machines

Structured support vector machines (SSVMs) (Joachims, 2005|) and related maximum mar-
gin methods (Taskar et al., 2005a) directly incorporate the evaluation loss metric into the

training process. This is accomplished by minimizing a hinge loss convex surrogate:

hinge (§) = maxloss(y,§) + 0 (B(x,3) — B(x,¥)). (3.2)

where 6 represents the model parameters, y is the ground truth label, and ®(x,y) is a feature
function that decomposes additively over subsets of variables.

Using a clique-based graphical representation of the potential function, and assuming the
loss metric also additively decomposes into the same clique-based representation, SSVMs have
a computational complexity similar to probabilistic graphical models. Specifically, finding the

value assignment y that maximizes this loss-augmented potential can be accomplished using
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dynamic programming in run time that is exponential in the graph treewidth (Cowell et al.,
2006]).

A key weakness of support vector machines in general is their lack of Fisher consistency;
there are distributions for multiclass prediction tasks for which the SVM will not learn a Bayes
optimal predictor, even when the models are given access to the true distribution and sufficiently
expressive features, due to the disconnection between the Crammer-Singer hinge loss surrogate
(Crammer and Singer, 2002)) and the evaluation loss metric (i.e., the 0-1 loss in this case) (Liu,
2007)). In practice, if the empirical data behaves similarly to those distributions (e.g., P(y|x)
have no majority y for a specific input x), the inconsistent model may perform poorly. This
inconsistency extends to the structured prediction setting except in limited special cases (Zhang,
2004). We overcome these theoretical deficiencies in our approach by using an adversarial
formulation that more closely aligns the training objective with the evaluation loss metric,

while maintaining convexity.

3.2.4 Other related works

Distributionally robust learning. There has been a recent surge of interest in the
machine learning community for developing distributionally robust learning algorithms. The
proposed learning algorithms differ in the uncertainty sets used to provide robustness. Previous
robust learning algorithms have been proposed under the F-divergence measures (which includes
the popular KL-divergence and y-divergence) (Namkoong and Duchi, 2016; Namkoong and
Duchi, 2017; [Hashimoto et al., 2018), the Wasserstein metric uncertainty set (Shafieezadeh-

Abadeh et al., 2015; Esfahani and Kuhn, 2018; |(Chen and Paschalidis, 2018)), and the moment
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matching uncertainty set (Delage and Ye, 2010; [Livni et al., 2012). Our robust adversarial
learning approach differs from the previous approaches by focusing on the robustness in terms
of the conditional distribution P(y|x) instead of the joint distribution P(x,y). Our approach
seeks a predictor that is robust to the worst-case conditional label probability under the moment
matching constraints. We do not impose any robustness to the training examples x.
Consistent methods. A notable research interest in consistent methods for structured
prediction tasks has also been observed. This line of works includes a consistent regularization
approach that maps the original structured prediction problem into a kernel Hilbert space
and employs a multivariate regression on the Hilbert space (Ciliberto et al., 2016)), and a
consistent quadratic surrogate for any structured prediction loss metric with a polynomial
sample complexity analysis for the additive zero-one loss metric surrogate (Osokin et al., 2017)).
Our work differs from these lines of works in the focus on the structure. We focus on the
graphical structures that model interaction between labels, whereas the previous works focus

on the structure of the loss metric itself.

3.3 Adversarial Graphical Models

We propose adversarial graphical models (AGMs) to better align structured prediction with
evaluation loss metrics in settings where the structured interaction between labels are repre-

sented in a graph.

3.3.1 Formulations

We construct a predictor that best minimizes a loss metric for the worst-case evaluation

distribution that (approximately) matches the statistical summaries of empirical training data.
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Our predictor is allowed to make a probabilistic prediction over all possible label assignments
(denoted as P(y]x)). However, instead of evaluating the prediction with empirical data (as com-
monly performed by empirical risk minimization formulations (Vapnik, 1998)), the predictor
is pitted against an adversary that also makes a probabilistic prediction (denoted as P(¥|x)).
The adversary is constrained to select its conditional distributions to match the statistical sum-
maries of the empirical training distribution (denoted as P) via moment matching constraints

on the feature functions ®.

Definition 3.1. The adversarial prediction method for structured prediction problems with

graphical interaction between labels is:

min max E ¢ 5 [ZOSS(Y,Y)} such that: E g _p. [®(X,Y)] = P, (3.3)
P PEIX) g5 p, Y[X~P
Y|X~P

where the vector of feature moments, ® = Ey y  s[®(X,Y)], is measured from sample training

data. The feature function ®(X,Y) contains features that are additively decomposed over cliques

in the graph, e.g. ®(x,y) = > . o(x,yc).

We focus on pairwise graphical structures where the interactions between labels are defined
over the edges (and nodes) of the graph. We also restrict the loss metric to a family of metrics
that additively decompose over each y; variable, i.e., loss(y,y) = >, loss(4;, 9;). Directly
solving the optimization in Equation is impractical for reasonably-sized problems since

P(y|x) grows exponentially with the number of predicted variables. Instead, we utilize the
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method of Lagrange multipliers and the marginal formulation of the distributions of predictor

and adversary to formulate a simpler dual optimization problem as stated in Theorem

Theorem 3.1. For the adversarial structured prediction with pairwise graphical structure and
an additive loss metric, solving the optimization in Definition 1 is equivalent to solving the
following expectation of mazximin problems over the node and edge marginal distributions pa-
rameterized by Lagrange multipliers 6:

min Ey i, 5 max min S P %) P %) loss(Gi, 1 3.4
0Oc,0y X,Y PP(S’|X) ﬁ(y|x) ZZ Eyzvyz ( 7‘| ) ( ’L‘ ) ( 1 7,) ( )

+ Z(i,j)eE Zgi,gj P(gi, 951%) [0c - &(x, 9i, 95)] — Z(i,j)eE Oc - &(x, Yis ;)

+ 300 2y, Pilx) (00 ¢(x,5)] — 327 00 - d(x,9i) |

where ¢(x,y;) is the node feature function for node i, ¢(x,y;,y;) is the edge feature function
for the edge connecting node i and j, E is the set of edges in the graphical structure, and 6,
and 0. are the Lagrange dual variables for the moment matching constraints corresponding to
the node and edge features, respectively. The optimization objective depends on the predictor’s
probability prediction P(y|x) only through its node marginal probabilities P(y,]x) Similarly,
the objective depends on the adversary’s probabilistic prediction P(}'f|x) only through its node

and edge marginal probabilities, i.e., P(9;x), and P(y;,;]x).
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Proof.

min max E N [lOSS(Y,Y)} (3.5)
P(3lx) Plyb T RAPYIXP

(@) Y. Y
= max min EXNP;Y|X~I5;Y\X~P [lOSS(Y,Y)

P(y]x) P(y|x)

(3.6)

[E—

®)
max mam min By v pyxep¥|X~p
P(y[x) P(y|x)
© . . S
- max - il Ex v pi¥|X~PY X~ P
P(y1x) P(y]x)

loss(Y, Y) + 07 (®(X, Y) — &(X, Y))} (3.7)

loss(Y, Y) + 07 (®(X,Y) — &(X, Y))} (3.8)

) melnEXY pﬁ?jﬁ) Ig]lil() B\~ px~P []OSS(Y Y)+6T ((X,Y) — @(X,Y))} (3.9)
() .
=minE 5 max min Eg o _p| >t loss(Y;, ;) (3.10)
bt XY~P B0 Bt Y|X~PY X P[
00 Sagpen [90X Y5 ¥) = 60X, Y5, Y5)] + 0, 7 [6(X, Vi) — 6(X, ¥7)] |
D minEy y.p max min 3 P(ylx )P(yyx)[zy 1oss (i, §i) (3.11)
0y YT Py Pigix) S
+ 96 : Z i,j)€EE [QS(X? g’iv g]) - ¢(X7y17y])] + 9’0 ' ZZL [(]S(X, gl) - ¢(X7yl)]
(i.4)
) min By y 5 max min [Z? D i P(43]x) P (9] x)1o0ss (9, §i) (3.12)
0,00 P(y]%) P(y]x)

+ Z zj EE Zy“yj (y’U y]|x) [ ¢(X7 gi’ g])] - Z(Z,j)GE 06 : ¢(X’ yi’ y])

XSy P 8, - 90k, 50)) = 7 6, - 95, )

The transformation steps above are described as follows:
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(a-d) We follow the similar transformation steps in the proof of Theorem

(e) We apply our description of loss metrics which is additively decomposable into the loss for
each node, and the features that can be decomposed into node and edge features. We also
separate the notation for the Lagrange dual variable into the variable for the constraints

on node features (6,) and and the variable for the edge features ().

(f) We rewrite the expectation over P(y]x) and P(y|x) in terms of the probability-weighted

average.

(g) Based on the property of the loss metrics and feature functions, the sum over the ex-
ponentially many possibilities of ¥ and ¥ can be simplified into the sum over individual
nodes and edges values, resulting in the optimization over the node and edge marginal

distributions.

O]

Note that the optimization in Equation over the node and edge marginal distributions
resembles the optimization of CRF's (Sutton et al., 2012). In terms of computational complexity,
this means that for a general graphical structure, the optimization above may be intractable.
We focus on families of graphical structures in which the optimization is known to be tractable.
In the next subsection, we begin with the case of tree-structured graphical models and then
proceed with the case of graphical models with low treewidth. In both cases, we formulate the

corresponding efficient learning algorithms.
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3.3.2 Optimization

We first introduce our vector and matrix notations for AGM optimization. Without loss of
generality, we assume the number of class labels k& to be the same for all predicted variables
vi, Vi € {1,...,n}. Let p; be a vector with length k, where its a-th element contains P(?Qz = a|x),
and let Q;; be a k-by-k matrix with its (a,b)-th cells store P(y; = a,; = b|x). We also use
a vector and matrix notation to represent the ground truth label by letting z; be a one-hot

(a)

vector where its a-th element z;” = 1 if y; = a or otherwise 0, and letting Z; ; be a one-hot
matrix where its (a,b)-th cell ZEZ’b) = 1if y; = a ANy; = b or otherwise 0. For each node
feature ¢;(x,y;), we denote w;; as a length k vector where its a-th element contains the value
of ¢;(x,y; = a). Similarly, for each edge feature ¢;(x, y;,y;), we denote W; ;; as a k-by-k matrix
where its (a, b)-th cell contains the value of ¢;(x,y; = a,y; = b). For a pairwise graphical model

with tree structure, we rewrite Equation (3.4]) using our vector and matrix notation with local

marginal consistency constraints as follows:

n

T
gle’leleXYNpglgﬁneHAl [piLi(th( 1)+ <th (iyiis 3 B z)zl> (3.13)

+ (Qprgiyil — )T (X105 wm}

subject to: th (pt()pt() 1 = Qpr(iyils Vi € {1,...,n},

where pt(i) indicates the parent of node i in the tree structure, L; stores a loss matrix corre-

sponding to the portion of the loss metric for node 1, i.e., Lga’b) = loss(9; = a,y; = b), and

(-,-) denotes the Frobenius inner product between two matrices, ie., (4, B) = >_, ; 4; ;B ;.
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(a)

Figure 11. An example tree structure with five nodes and four edges with the corresponding
marginal probabilities for predictor and adversary (a); and the matrix and vector notations of
the probabilities (b). Note that we introduce a dummy edge variable on top of the root node
to match the marginal constraints.

Note that we also employ probability simplex constraints (A) to each Q,(;).; and p;. [Figure 11
shows an example tree structure with its marginal probabilities and the matrix notation of the

probabilities.

3.3.2.1 Learning algorithm

We first focus on solving the inner minimax optimization of Equation (3.13)). To simplify
our notation, we denote the edge potentials By, = > (9 Wpt(l) .y and the node potentials

b, =), le)wi;l. We then rewrite the inner optimization of Equation ([3.13)) as:

n

max min |:sz (Qgt ()3 ) <th > (th ()3 ) ] (314)

QcA peA -

subject to: th (pt(i))pt(i) L = Qpe(iil, Vi€ {l,...,n}.
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To solve the optimization above, we use dual decomposition technique (Boyd et al., 2008; [Sontag
et al., 2011) that decompose the dual version of the optimization problem into several sub-
problem that can be solved independently. By introducing the Lagrange variable u for the local
marginal consistency constraint, we formulate an equivalent dual unconstrained optimization

problem as shown in Theorem |3.2

Theorem 3.2. The constrained optimization in Equation (3.14) is equivalent to an uncon-
strained Lagrange dual problem with an inner optimization that can be solved independently for

each node as follows:

n
: T T : T
mgnzi: [&gﬁ <th(i);i’Bpt(z');z‘+1bi —wilT D e 1u;£> + min PiLi(Qp(i),1) |+ (3.15)

T —

where u; is the Lagrange dual variable associated with the marginal constraint of th(pt(i)),pt(i) =

Qyt(i);i1, and ch(i) represent the children of node i.
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Proof.
. T T
max min i [PiLi(th( ) + (Qpe(iyii» Bpe(iysi) + (Qpu(iyil) bi:| (3.16)
subject to: th (pt())pt() 1 = Qpi(iyil, Vi € {1,...,n}
(@ N
= max min min [piLi(Q; (ial) (Qpt(isi ,Bpiiyi) + ( ;(i);il)Tbi] (3.17)

QceA u peA z

+Zu ( pt(pt(i));pt()) L — thz)l)

o). . i T (AT T Ty, .
- minga iy 2 [szz(th @i 1)+ (Qptiysis Bpr(iysi) + (Quyiysil) bz] (3.18)

+Z“iT (Qﬁw(z 1)L — Quu(iysi )

() . .
= min max min : [pz-Lz(Q;ft @:i1) + (Qpi(iysi );i>+<th(i);i71b;r>:| (3.19)

22 [(Quitgtmt: 107) — (Quugnwid ™) |

@ . < T T T T
= min maxmin : [piLi(th(i);il)_'_ <th(i);iaBpt(i);i+1bi —wil 4D o) 1wy >} (3.20)

The transformation steps above are described as follows:

(a) We introduce the Lagrange dual variable u, where u; is the dual variable associated with
the marginal constraint of th(pt( Vipt(i = Qpi(i):l

(b) Similar to the analysis in Theorem 1, strong duality holds due to Sion’s minimax theorem.
Therefore, we can flip the optimization order of Q and u.

c) We rewrite the vector multiplication over Q1 or QT 1 with the corresponding
Pt (

Frobenius inner product notations.
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(d) We regroup the terms in the optimization above by considering the parent-child relations

in the tree for each node. Note that ch(i) represents the children of node i.
O

We denote matrix Ay = Bpyiyi+1b) —wil"+37, ;) 1ugl to simplify the inner opti-
mization in Equation (3.15). Let us define r; £ Qg;&(i);il and a; be the column wise maximum

@

of matrix A, )., 1.e., &;° = max; Ay;. Given the value of u, each of the inner optimizations
in Equation (3.15]) can be equivalently solved in terms of our newly defined variable changes r;
and a; as follows:

T .
max |a; r; + min p;L;r; | . 3.21
riEX ’ z+piEApz v ( )

Note that this resembles the optimization in a standard adversarial multiclass classification
problem we discussed in Section i.e., Equation with L; as the loss matrix and a;
as the class-based potential vector, without the potential for the true label. As discussed
in Section Equation can be solved analytically for several forms of loss metrics
(e.g., zero-one, absolute, squared, abstention loss metrics), or as a linear program for a more
general loss metrics. Given the solution of this inner optimization, we use a sub-gradient based
optimization to find the optimal Lagrange dual variables u*.

To recover our original variables for the adversary’s marginal distribution Q;t(i);i given the
optimal dual variables u*, we use the following steps. First, we use u* and Equation (3.21)) to

compute the value of the node marginal probability r;. With the additional information that
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we know the value of r} (i.e., the adversary’s node probability), Equation (3.14]) can be solved

independently for each Q,(;);; to obtain the optimal Q;‘)t(i),i as follows:

Q;t(i);i = Srgngz <th(i);i, Bpt(i);i> subject to: Qgt(i);il =r;, Qui)il = r;‘)t(i). (3.22)
pt (i)

Note that the optimization above resembles an optimal transport problem over two discrete
distributions (Villani, 2008) with cost matrix —By,;),;- This optimal transport problem can
be solved using a linear program solver or a more sophisticated solver (e.g., using Sinkhorn
distances (Cuturi, 2013))).

For our overall learning algorithm, we use the optimal adversary’s marginal distributions
Q;t(i)n. to compute the sub-differential of the AGM formulation (Equation (3.13])) with re-
spect to 8, and 6.. The sub-differential for 01(}) includes the expected node feature difference
Exv-p Z?(Q;,:T(i);il —2;)Tw;,, whereas the sub-differential for 6" includes the expected edge
feature difference IEXXN P Z:‘< ;t(i);i — Zpt(i);ivat(i);i;l>’ Using this sub-differential infor-
mation, we employ a stochastic sub-gradient based algorithm to obtain the optimal 6} and
7.

3.3.2.2 Prediction algorithms

We propose two different prediction schemes: probabilistic and non-probabilistic prediction.
Probabilistic prediction. Our probabilistic prediction is based on the predictor’s label

probability distribution in the adversarial prediction formulation. Given fixed values of 8, and
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0., we solve a minimax optimization similar to Equation (3.13) by flipping the order of the

predictor and adversary distribution as follows:

n

: O]
gélggleaﬁ i |:pZLZ( ;& ) <th 172196 Wpt(i);i;l>+( pt(4);i ) (Zla Wzl) (323)

subject to: th (pt())pt() L = Qpr(iyils Vi € {1,...,n}.

To solve the inner maximization of Q we use a similar technique as in MAP inference for CRF's.
We then use a projected gradient optimization technique to solve the outer minimization over
p and a technique for projecting to the probability simplex (Duchi et al., 2008]).
Non-probabilistic prediction. Our non-probabilistic prediction scheme is similar to
SSVM’s prediction algorithm. In this scheme, we find ¥ that maximizes the potential value,
i.e., y = argmax, f(x,y), where f(x,y) = 6T ®(x,y). This prediction scheme is faster than
the probabilistic scheme since we only need a single run of a Viterbi-like algorithm for tree

structures.

3.3.2.3 Runtime analysis

Each stochastic update in our algorithm involves finding the optimal u and recovering
the optimal Q to be used in a sub-gradient update. Each iteration of a sub-gradient based
optimization to solve u costs O(n - ¢(L)) time where n is the number of nodes and ¢(L) is the
cost for solving the optimization in Equation for the loss matrix L. Recovering all of the
adversary’s marginal distributions Q,(;);; using a fast Sinkhorn distance solver has the empirical

complexity of O(nk?) where k is the number of classes (Cuturi, 2013)). The total running time
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of our method depends on the loss metric we use. For example, if the loss metric is the additive
zero-one loss, the total complexity of one stochastic gradient update is O(nlk log k +nk?) time,
where [ is the number of iterations needed to obtain the optimal u and O(klogk) time is the
cost for solving Equation for the zero-one loss (Fathony et al., 2016). In practice, we
find the average value of [ to be relatively small. This runtime complexity is competitive with
the CRF, which requires O(nk?) time to perform message-passing over a tree to compute the
marginal distribution of each parameter update, and also with structured SVM where each
iteration requires computing the most violated constraint, which also costs O(nk?) time for

running a Viterbi-like algorithm over a tree structure.

3.3.2.4 Learning algorithm for graphical structure with low treewidth

Our algorithm for tree-based graphs can be easily extended to the case of graphical structures
with low treewidth. Similar to the case of the junction tree algorithm for probabilistic graphical
models, we first construct a junction tree representation for the graphical structure. We then
solve a similar optimization as in Equation on the junction tree. In this case, the time
complexity of one stochastic gradient update of the algorithm is O(nlwk@*V) log k + nk2@+1)
time for the optimization with an additive zero-one loss metric, where n is the number of
cliques in the junction tree, k is the number of classes, [ is the number of iterations in the inner
optimization, and w is the treewidth of the graph. This time complexity is competitive with
the time complexities of CRF and SSVM which are also exponential in the treewidth of the

graph.
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3.3.3 Fisher consistency analysis

A key theoretical advantage of our approach over the structured SVM is that it provides
Fisher consistency. This guarantees that under the true distribution P(x,y), the learning al-
gorithm yields a Bayes optimal prediction with respect to the loss metric (Tewari and Bartlett,
2007; Liu, 2007)). In this setting, the learning algorithm is allowed to optimize over all measur-
able functions, or similarly, it has a feature representation of unlimited richness. We establish

the Fisher consistency of our AGM approach in Theorem
Theorem 3.3. The AGM approach is Fisher consistent for all additive loss metrics.

Proof. As established in Theorem pairwise marginal probabilities are sufficient statistics
of the adversary’s distribution. An unlimited access to arbitrary rich feature representa-
tion constrains the adversary’s distribution in Equation to match the marginal prob-
abilities of the true distribution, making the optimization in Equation equivalent to

ming Ex y~p [loss(y, Y)], which is the Bayes optimal prediction for the loss metric. O

3.4 Experimental Evaluations

To evaluate our approach, we apply AGM to two different tasks: predicting emotion intensity
from a sequence of images, and labeling entities in parse trees with semantic roles. We show
the benefit of our method compared with a conditional random field (CRF) and a structured

SVM (SSVM).
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3.4.1 Facial emotion intensity prediction

We evaluate our approach in the facial emotion intensity prediction task (Kim and Pavlovic,
2010). Given a sequence of facial images, the task is to predict the emotion intensity for each
individual image. The emotion intensity labels are categorized into three ordinal categories:
neutral < increasing < apex, reflecting the degree of intensity. The dataset contains 167
sequences collected from 100 subjects consisting of six types of basic emotions (anger, disgust,
fear, happiness, sadness, and surprise). In terms of the features used for prediction, we follow
an existing feature extraction procedure (Kim and Pavlovic, 2010|) that uses Haar-like features
and the PCA algorithm to reduce the feature dimensionality.

In our experimental setup, we combine the data from all six different emotions and focus
on predicting the ordinal category of emotion intensity. From the whole 167 sequences, we
construct 20 different random splits of the training and the testing datasets with 120 sequences
of training samples and 47 sequences of testing samples. We use the training set in the first
split to perform cross validation to obtain the best regularization parameters and then use the
best parameter in the evaluation phase for all 20 different splits of the dataset.

In the evaluation, we use six different loss metrics. The first three metrics are the average
of zero-one, absolute and squared loss metrics for each node in the graph (where we assign
label values: neutral = 1, increasing = 2, and apex = 3). The other three metrics are the
weighted version of the zero-one, absolute and squared loss metrics. These weighted variants

of the loss metrics reflect the focus on the prediction task by emphasizing the prediction on
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particular nodes in the graph. In this experiment, we set the weight to be the position in the
sequence so that we focus more on the latest nodes in the sequences.

We compare our method with CRF and SSVM models. Both the AGM and the SSVM can
incorporate the task’s customized loss metrics in the learning process. The prediction for AGM
and SSVM is done by taking an arg-max of potential values, i.e., argmax, f(x,y) = 0 ®(x,y).
For CRF, the training step aims to model the conditional probability Py(y|x). The CRF’s
predictions are computed using the Bayes optimal prediction with respect to the loss metric

A~

and CRF’s conditional probability, i.e., argming B¢ » [loss(y, Y)].

We report the loss metrics averaged over the dataset splits as shown in We
highlight the result that is either the best result or not significantly worse than the best result
(using Wilcoxon signed-rank test with & = 0.05). The result shows that our method significantly
outperforms CRF in three cases (absolute, weighted zero-one, and weighted absolute losses), and
statistically ties with CRF in one case (squared loss), while only being outperformed by CRF in
one case (zero-one loss). AGM also outperforms SSVM in three cases (absolute, squared, and
weighted zero-one losses), and statistically ties with SSVM in one case (weighted absolute loss),
while only being outperformed by SSVM in one case (weighted squared loss). In the overall
result, AGM maintains advantages compared to CRFs and SSVMs in both the overall average
loss and the number of “indistinguishably best” performances on all cases. These results may

reflect the theoretical benefit that AGM has over CRF and SSVM mentioned in Section 3 when

learning from noisy labels.
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TABLE VII. The average loss metrics for the emotion intensity prediction. Bold numbers
indicate the best or not significantly worse than the best results (Wilcoxon signed-rank test
with o = 0.05).

Loss metrics AGM CRF SSVM

zero-one, unweighted  0.34 0.32 0.37
absolute, unweighted 0.33 0.34 0.40
squared, unweighted  0.38 0.38 0.40
zero-one, weighted 0.28 0.32 0.29
absolute, weighted 0.29 0.36 0.29

squared, weighted 0.36  0.40 0.33
average 0.33 0.35 0.35
# bold 4 2 2

3.4.2 Semantic role labeling

We evaluate the performance of our algorithm on the semantic role labeling task for the
CoNLL 2005 dataset (Carreras and Marquez, 2005). Given a sentence and its syntactic parse
tree as the input, the task is to recognize the semantic role of each constituent in the sentence
as propositions expressed by some target verbs in the sentence. There are a total of 36 semantic
roles grouped by their types of: numbered arguments, adjuncts, references of numbered and
adjunct arguments, continuation of each class type and the verb. We prune the syntactic trees
according to (Xue and Palmer, 2004)), i.e., we only include siblings of the nodes which are on the
path from the verb (V) to the root and also the immediate children in case that the node is a
propositional phrase (PP). Following the setup used by (Cohn and Blunsom, 2005), we extract

the same syntactic and contextual features and label non-argument constituents and children
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nodes of arguments as ”outside” (0). Additionally, in our experiment we simplify the prediction
task by reducing the number of labels. Specifically, we choose the three most common labels
in the WSJ test dataset, i.e., AO,A1,A2 and their references R-A0,R-A1,R-A2, and we combine
the rest of the classes as one separate class R. Thus, together with outside 0 and verb V, we

have a total of nine classes in our experiment.
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: vV npAl
o1 NNS
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Figure 12. Example of a syntax tree with semantic role labels as bold superscripts. The dotted
and dashed lines show the pruned edges from the tree. The original label AM-M0D is among class
R in our experimental setup.

In the evaluation, we use a cost-sensitive loss matrix that reflects the importance of each

label. We use the same cost-sensitive loss matrix to evaluate the prediction of all nodes in the
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graph. The cost-sensitive loss matrix is constructed by picking a random order of the class
label and assigning an ordinal loss based on the order of the labels. We compare the average
cost-sensitive loss metric of our method with the CRF and the SSVM as shown in [Table VIII
As we can see from the table, our result is competitive with SSVM, while maintaining an
advantage over the CRF. This experiment shows that incorporating customized losses into the
training process of learning algorithms is important for some structured prediction tasks. Both
the AGM and the SSVM are designed to align their learning algorithms with the customized

loss metric, whereas CRF can only utilize the loss metric information in its prediction step.

TABLE VIII. The average loss metrics for the semantic role labeling task.

Loss metrics AGM CRF SSVM

cost-sensitive loss 0.14 0.19 0.14

3.5 Conclusions and Future Works

We introduced adversarial graphical models, a robust approach to structured prediction that
possesses the main benefits of existing methods: (1) it guarantees the same Fisher consistency
possessed by conditional random fields (Lafferty et al., 2001); (2) it aligns the target loss
metric with the learning objective, as in maximum margin methods (Joachims, 2005; [Taskar

et al., 2005a)); and (3) its computational run time complexity is primarily shaped by the graph
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treewidth, which is similar to both graphical modeling approaches. Our experimental results
demonstrate the benefits of this approach on structured prediction tasks with low treewidth.
For more complex graphical structures with high treewidth, our proposed algorithm may
not be efficient. Similar to the case of CRFs and SSVMs, approximation algorithms may be
needed to solve the optimization in AGM formulations for these structures. In future work, we
plan to investigate the optimization techniques and applicable approximation algorithms for

general graphical structures.



CHAPTER 4

ADVERSARIAL BIPARTITE MATCHING IN GRAPHS

(This chapter was previously published as “Efficient and Consistent Adversarial Bipartite
Matching” (Fathony et al., 2018a)) in the Proceedings of the 35th International Conference on

Machine Learning (ICML 2018).)

4.1 Introduction

How can the elements from two sets be paired one-to-one to have the largest sum of pairwise
utilities? This maximum weighted perfect bipartite matching problem is a classical combina-
torial optimization problem in computer science. It can be formulated and efficiently solved
in polynomial time as a linear program or using more specialized Hungarian algorithm tech-
niques (Kuhn, 1955). This has made it an attractive formalism for posing a wide range of
problems, including recognizing correspondences in similar images (Belongie et al., 2002; |Liu
et al., 2008; Zhu et al., 2008; Rui et al., 2007, finding word alignments in text (Chan and Ng,
2008), and providing ranked lists of items for information retrieval tasks (Amini et al., 2008).

Machine learning methods seek to estimate the pairwise utilities of bipartite graphs so
that the maximum weighted complete matching is most compatible with the (distribution of)
ground truth matchings of training data. When these utilities are learned abstractly, they can
be employed to make predictive matchings for test samples. Unfortunately, important measures

of incompatibility (e.g., the Hamming loss) are often non-continuous with many local optima in

116
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the predictors’ parameter spaces, making direct minimization intractable. Given this difficulty,
two natural desiderata for any predictor are:
e Efficiency: learning from training data and making predictions must be computed effi-
ciently in (low-degree) polynomial time; and
e Consistency: the predictor’s training objectives must also minimize the underlying Ham-
ming loss, at least under ideal learning conditions (given the true distribution and fully
expressive model parameters).
Existing methods for learning bipartite matchings fail in one or the other of these desiderata;
exponentiated potential fields models (Lafferty et al., 2001; Petterson et al., 2009)) are intractable
for large sets of items, while maximum margin methods based on the hinge loss surrogate
(Taskar et al., 2005a; Tsochantaridis et al., 2005) lack Fisher consistency (Tewari and Bartlett,
2007; Liu, 2007). We discuss these limitations formally in Section
Given the deficiencies of the existing methods, we contribute the first approach for learning
bipartite matchings that is both computationally efficient and Fisher consistent. Our approach
is based on an adversarial formulation for learning (Topsge, 1979; |Griinwald and Dawid, 2004
Asif et al., 2015) that poses prediction-making as a data-constrained zero-sum game between
a player seeking to minimize the expected loss and an adversarial data approximator seeking
to maximize the expected loss. We present an efficient approach for solving the corresponding
zero-sum game arising from our formulation by decomposing the game’s solution into marginal

probabilities and optimizes these marginal probabilities directly to obtain an equilibrium saddle
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point for the game. We then establish the computational efficiency and consistency of this

approach and demonstrate its benefits experimentally.

4.2 Previous Inefficiency and Inconsistency

4.2.1 Bipartite Matching Task

Figure 13. Bipartite matching task with n=4.

Given two sets of elements A and B of equal size (|A| = |B]), a maximum weighted bipar-
tite matching 7 is the one-to-one mapping (e.g., from each element in A to each
element in B that maximizes the sum of potentials: maxy e (7) = maxyen Y, ¥i(m;). Here
m € [n] :={1,2,...,n} is the entry in B that is matched with the i-th entry of A. The set

of possible solutions II is simply all permutation of [n]. Many machine learning tasks pose
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prediction as the solution to this problem, including: word alignment for natural language pro-
cessing tasks (Taskar et al., 2005b; Padé and Lapata, 2006; MacCartney et al., 2008); learning
correspondences between images in computer vision applications (Belongie et al., 2002; Dellaert
et al., 2003); protein structure analysis in computational biology (Taylor, 2002; |Wang et al.,
2004)); and learning to rank a set of items for information retrieval tasks (Dwork et al., 2001} |Le
and Smola, 2007). Thus, learning appropriate weights ;(-) for bipartite graph matchings is a

key problem for many application areas.

4.2.2 Performance Evaluation and Fisher Consistency

Given a predicted permutation, 7/, and the “ground truth” permutation, m, the Ham-
ming loss counts the number of mistaken pairings: losspam (7, 7') = > ;" 1(7 # m;), where
1(-) = 1 if - is true and 0 otherwise. When the “ground truth” is a distribution over permu-
tations, P(7), rather than a single permutation, the (set of) Bayes optimal prediction(s) is:
argmin,, . P(7) lossgam (7, 7’). For a predictor to be Fisher consistent, it must provide
a Bayes optimal prediction for any possible distribution P(7) when trained from that exact
distribution using the predictor’s most general possible parameterization (e.g., all measurable

functions 1 for potential-based models).

4.2.3 Exponential Family Random Field Approach

A probabilistic approach to learning bipartite graphs uses an exponential family distribu-
tion over permutations, Py(7) = eXiz Yi(mi) / Zy, trained by maximizing training data like-
lihood. This provides certain statistical consistency guarantees for its marginal probabil-

ity estimates (Petterson et al., 2009). Specifically, if the potentials ¢ are chosen from the
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space of all measurable functions to maximize the likelihood of the true distribution of per-
mutations P(7), then Py(m) will match the marginal probabilities of the true distribution:
Vi, j, Py(m; = j) = P(m; = j). This implies Fisher consistency because the MAP estimate
under this distribution, which can be obtained as a maximum weighted bipartite matching, is
Bayes optimal.

The key challenge with this approach is its computational complexity. The normalization
term, Zy, is the permanent of a matrix defined in terms of exponentiated potential terms:
Zy =3 TI, e?i™) = perm(M) where M;; = e¥i(). For sets of small size (e.g., n = 5),
enumerating the permutations is tractable and learning using the exponential random field
model incurs a run-time cost that is acceptable in practice (Petterson et al., 2009). However,
the matrix permanent computation is a #P-hard problem to compute exactly (Valiant, 1979).
Monte Carlo sampling approaches are used instead of permutation enumeration to maximize the
data likelihood (Petterson et al., 2009; Volkovs and Zemel, 2012)). Though exact samples can be
generated efficiently in polynomial time (Huber and Law, 2008), the number of samples needed
for reliable likelihood or gradient estimates makes this approach infeasible for applications with
even modestly-sized sets of n = 20 elements (Petterson et al., 2009).

In some applications such as word alignment, exponential family random field models that
relax the permutation constraints in the label to the set of standard multiclass classifications
(i.e., a class label can appear more than once in the prediction) were proposed to avoid the

intractability of the normalization term computation (Blunsom and Cohn, 2006). In this case,
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the model reduces to the standard linear chain conditional random fields (CRF) model (refer

to Chapter [3| for a more discussion about the CRF).

4.2.4 Maximum Margin Approach

Maximum margin methods for structured prediction seek potentials v that minimize the

training sample hinge loss:
mwinEﬂNp max {loss(m,7") + (x") } —o(7)], (4.1)

where P is the empirical distribution. Finding the optimal ) is a convex optimization problem
(Boyd and Vandenberghe, 2004) that can generally be tractably solved using constraint gener-
ation methods as long as the maximizing assignments can be found efficiently. In the case of
permutation learning, finding the permutation 7’ with highest hinge loss reduces to a maximum
weighted bipartite matching problem and can therefore be solved efficiently.

Though computationally efficient, maximum margin approaches for learning to make perfect
bipartite matches lack Fisher consistency, which requires the prediction 7* = argmax, ¥ (7)
resulting from Equation to minimize the expected risk, E__ 5 [loss(m,n’)], for all dis-
tributions P. We consider a distribution over permutations that is an extension of a coun-
terexample for multiclass classification consistency analysis with no majority label (Liu, 2007):
P(r=[123]) =04;P(mr =[231]) =0.3; and P(m = [3 1 2]) = 0.3. The potential function
¥;(7) = 1 if i = j and 0 otherwise, provides a Bayes optimal permutation prediction for this

distribution and an expected hinge loss of 3.6 = 0.4(3 — 3) 4+ 0.3(3 + 3) + 0.3(3 + 3). However,
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the expected hinge loss is optimally minimized with a value of 3 when ;(j) = 0, Vi, j, which is
indifferent between all permutations and is not Bayes optimal. Thus, Fisher consistency is not

guaranteed.

4.3 Adversarial Bipartite Matching

To overcome the computational inefficiency of exponential random field methods and the
Fisher inconsistency of maximum margin methods, we formulate the task of learning for bi-
partite matching problems as an adversarial structured prediction task. We then present an

efficient approach for solving the resulting game over permutations.

4.3.1 Permutation Mixture Formulation

The training data for bipartite matching consists of triplets (A, B, 7) where A and B are
two sets of nodes with equal size and 7 is the assignment. To simplify the notation, we denote
x as the bipartite graph containing the nodes A and B. We also denote ¢(x, ) as a vector that
enumerates the joint feature representations based on the bipartite graph x and the matching
assignment 7. This joint feature is defined additively over each node assignment, i.e., ¢(x,7) =
> iy i, ).

Our approach seeks a predictor that robustly minimizes the Hamming loss against the
worst-case permutation mixture probability that is consistent with the statistics of the training
data. In this setting, a predictor makes a probabilistic prediction over the set of all possible
assignments (denoted as ]5) Instead of evaluating the predictor with the empirical distribution,
the predictor is pitted against an adversary that also makes a probabilistic prediction (denoted

as P). The predictor’s objective is to minimize the expected loss function calculated from the
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predictor’s and adversary’s probabilistic predictions, while the adversary seeks to maximize the
loss. The adversary (and only the adversary) is constrained to select a probabilistic prediction
that matches the statistical summaries of the empirical training distribution (denoted as P) via

moment matching constraints on joint features ¢(x, 7). Formally, we write our formulation as:

min max E loss(7r, 7)) (4.2)

P(#t|z) P(7|z)

subject to: Emwﬁ’;ﬂxwﬁ [Z gf)l(l‘,ﬁ'z)] = E(‘TJ)N[} [Z qﬁl(fv,m)] .
=1 =1

T~ Pt |z~ Pyt o~ P [

Using the method of Lagrangian multipliers and strong duality for convex-concave sad-
dle point problems (Von Neumann and Morgenstern, 1945; Sion, 1958), The optimization in
Equation (4.2) can be equivalently solved in the dual formulation:

n
minE___ 5 min max E. 4 [loss(ﬁ',ﬁ') +6- Z (pi(x, ;) — ¢i(z,m)) |, (4.3)

0 T, T~ N N ﬂ\x~1?
P(il) Pla) 1o P
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where 0 is the Lagrange dual variable for the moment matching constraints. Below is the
detailed step-by-step transformation from the primal mixture formulation of the adversarial

prediction task for bipartite matching (Equation (4.2))) to the dual formulation (Equation (4.3)):

min max E 5 [loss(7r, 7)) (4.4)

P(#|z) P(7|z) x~Pift| o~ Pyt |z~ P
i=1

n

subject to: E Gi(w, ;)

| ——— |

z~Pix|o~P

—_

i—
=max min B 5. 5. p[loss(7,7)] (4.5)

P(x|x) P(#|z)
= E(wﬂr)wﬁ [Z (bz(.%', WZ)]

i=1

n
subject to: Exwp;ﬂmwp [ oi(x, ;)
1

%

= max min min B, 5. 5o p [loss(fr,ir) + 67 (Z oi(z, ;) — z;@(x,m))] (4.6)

P(xlz) 0 P(#|x) i1

0  DP(x|z) P(#|x)

=min max min B\ 520 poaip [loss(ﬁ, 7)+ 6% (Zl bi(x, ;) — Zl oi(x, 770)] (4.7)

=minE . s max min E. 5. 5 loss(7,7)+0-> (¢i(x, ;) — ¢i(x, 7)) (4.8)

0 O pira) baley 10T P[ ;

=minE 5 min max E. 5. 5 |loss(,7)+0- > (¢i(x, ;) — di(x,m))] (4.9)
0O pap) Py PEE [ ;

The transformation steps above follow the similar transformations in the multiclass classification
case, i.e. in the proof of Theorem

We use the Hamming distance, loss(#, %) = > | 1(#; # 7;), as the loss function.
shows the payoff matrix for the game of size n = 3 with 3! actions (permutations) for the

predictor player 7 and for the adversarial approximation player 7. Here, we define the difference
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between the Lagrangian potential of the adversary’s action and the ground truth permutation

as 0z = (1) —(m) = 0 - 320 (¢i(x, Ti) — di(x, i) -

TABLE IX. Augmented Hamming loss matrix for n=3 permutations.

7=123 | # =132 | #=213| # =231 | # =312 | 7 =321
T=123 0+ 123 2 + 132 2+ 913 3+ da31 3+ 310 2 + 321
7=132 | 2+ 103 0+ 0132 3+ da13 2 + 031 2+ 0312 3+ 0301
#=213 | 2+ 0123 3+ di3o 0+ 0213 2+ Joz1 2+ 312 3+ 0301
#=231| 34 d123 2+ 0132 2+ 0a13 0+ a3 3+ 312 2+ 0391
7=312 | 3+ 0123 2+ 0132 2+ 0213 3+ G231 0 + 312 2+ 0321
#=321| 24 di03 3+ 0132 3+ O213 2 + 031 2+ 0312 0+ 0391

Unfortunately, the number of permutations, 7, grows factorially (O(n!)) with the number

of elements being matched (n).

game intractable for even modestly-sized problems.

This makes explicit construction of the Lagrangian minimax

4.3.2 Marginal Distribution Formulation

Our approach avoids the need of computing the factorially many permutations in solving the

adversarial bipartite matching game by leveraging the key insight that all quantities of interest

for evaluating the loss and satisfying the constraints depend only on marginal probabilities
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of the permutation’s value assignments. Based on this, we employ a marginal distribution
decomposition of the game.

We begin this reformulation by first defining a matrix representation of permutation 7 as
Y (m) € R™"™ (or simply Y) where the value of its cell Y; ; is 1 when m; = j and 0 otherwise.
To be a valid complete bipartite matching or permutation, each column and row of Y can
only have one entry of 1. For each feature function ¢§k) (x,m;), we also denote its matrix
representation as Xj whose (i,7)-th cell represents the k-th entry of ¢;(z,j). For a given
distribution of permutations, P(7), we denote the marginal probabilities of matching i with j
as pij £ P(m; = j). Welet P =3"_P(m)Y () be the predictor’s marginal probability matrix

N

where its (i,j) cell represents P(#; = j), and similarly let Q be the adversary’s marginal

probability matrix (based on P), as shown in [Table X

TABLE X. Doubly stochastic matrices P and Q for the marginal decompositions of each player’s
mixture of permutations.

1 2 3 1 2 3
T P11 | P12 | P1,3 Tl @1 | @12 | 41,3
To | P21 | P22 | P23 o | q21 | 922 | 42,3
73 | P31 | P32 | P33 3 | 931 | 932 | 93,3

The Birkhoff-von Neumann theorem (Birkhoff, 1946; [Von Neumann, 1953) states that the

convex hull of the set of n X n permutation matrices forms a convex polytope in R (known as
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the Birkhoff polytope B,,) in which points are doubly stochastic matrices, i.e., the n xn matrices
with non-negative elements where each row and column must sum to one. This implies that
both marginal probability matrices P and Q are doubly stochastic matrices. In contrast to
the space of distributions over permutation of n objects, which grows factorially (O(n!) with
n!—1 free parameters), the size of this marginal matrices grows only quadratically (O(n?) with
n? — 2n free parameters). This provides a significant benefit in terms of the optimization.

Starting with the minimax over P(#) and P(#) in the permutation mixture formulation,
and using the matrix notation above, we rewrite Equation as a minimax over marginal
probability matrices P and Q with additional constraints that both P and Q are doubly-
stochastic matrices, i.e., P > 0 (elementwise), Q > 0, P1 = P'1=Q1=Q"1 =1 where
1=(1,...,1)"). That is:

min By y_p min max [o— (P, Q)+(Q=Y, 5 6:X,) (4.10)

subject to: P1=P'1=Q1=Q"1 =1,

where (-, ) denotes the Frobenius inner product between two matrices, i.e., (A, B) = ZU A; ;B ;.

4.3.2.1 Optimization

We reduce the computational costs of the optimization in Equation (4.10) by focusing
on optimizing the adversary’s marginal probability Q. By strong duality, we then push the
maximization over Q in the formulation above to the outermost level of Eq. Equation (4.10]).

Note that the objective above is a non-smooth function (i.e., piece-wise linear). For the purpose
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of smoothing the objective, we add a small amount of strongly convex prox-functions to both P
and Q. We also add a regularization penalty to the parameter 6 to improve the generalizability
of our model. We unfold Equation (4.10]) by replacing the empirical expectation with an average

over all training examples, resulting in the following optimization:

m

1 . 2 2 Algn2
maxmin - ;gglz% Qi = Y0, S 0 Xax) — (Pi, Q) + 5IPI3 — 41QilIE| + 31013 (4.11)
1=

subject to: P;1 = PZ-TI =Q;1 = QiTl =1, Vi,

where m is the number of bipartite matching problems in the training set, A is the regularization
penalty parameter, p is the smoothing penalty parameter, and ||A|r denotes the Frobenius
norm of matrix A. The subscript 7 in P;, Q;, X;, and Y, refers to the i-th example in the
training set.

In the formulation above, given a fixed Q, the inner minimization over § and P can then
be solved separately. The optimal 6 in the inner minimization admits a closed-form solution,

in which the k-th element of 0% is:

Op = —v— Z Qi — Y, X k). (4.12)
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The inner minimization over P can be solved independently for each training example.
Given the adversary’s marginal probability matrix Q; for the i-th example, the optimal P; can

be formulated as:

P = argmin %HPlH% — (P, Q) (4.13)
{P;>0|P;1=P] 1=1}

= argmin IP; — inH% (4.14)
{P,>0|P;1=P/1=1}

We can interpret this minimization as projecting the matrix %Qi to the set of doubly-stochastic
matrices. We will discuss our projection technique in the upcoming subsection.

For solving the outer optimization over Q with the doubly-stochastic constraints, we employ
a projected Quasi-Newton algorithm (Schmidt et al., 2009)). Each iteration of the algorithm
optimizes the quadratic approximation of the objective function (using limited-memory Quasi-
Newton) over the the convex set. In each update step, a projection to the set of doubly-
stochastic matrices is needed, akin to the inner minimization of P in Equation (4.14).

The optimization above provides the adversary’s optimal marginal probability Q*. To
achieve our learning goal, we recover 8* using Equation computed over the optimal Q.
We use the 6* that our model learns from this optimization to construct a weighted bipartite

graph for making predictions for test examples.



130

4.3.2.2 Doubly-Stochastic Matrix Projection

The projection from an arbitrary matrix R to the set of doubly-stochastic matrices can be

formulated as:
min [P~ R|[},  subject to: P1=P1=1, (4.15)

We employ the alternating direction method of multipliers (ADMM) technique (Douglas and
Rachford, 1956} |Glowinski and Marroco, 1975 |Boyd et al., 2011) to solve the optimization
problem above. We divide the doubly-stochastic matrix constraint into two sets of constraints
Ci:Pl=1and P >0,and C, : P'1 =1 and P > 0. Using this construction, we convert the

optimization above into ADMM form as follows:

rfr,lig%IIP—RH%Jr%HS—RII%JrICI(P)ﬂLICQ(S) (4.16)

subject to: P —S = 0.
The augmented Lagrangian for this optimization is:

L,(P,S, W) =3[P — R[[% + 3[IS — R} + 16, (P) +1c,(S) + §IP =S+ W][E,  (4.17)
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where p is the ADMM penalty parameter and W is the scaled dual variable. From the aug-

mented Lagrangian, we compute the update for P as:

P = argmin £, (P, S", W) (4.18)
P
= in 1|P-R|%+5|P-S"+W'|} 4.19
= argmin | 17+ 5 +WiE (4.19)
{P>0|P1=1}
= argmin |P— ?lp (R+p(S'— W) 1% (4.20)
{(P>0|P1=1}

The minimization above can be interpreted as a projection to the set {P > 0|P1 = 1} which
can be realized by projecting to the probability simplex independently for each row of the
matrix ﬁ (R+p(S"—W?)). Similarly, the ADMM update for S can also be formulated
as a column-wise probability simplex projection. The technique for projecting a point to the

probability simplex has been studied previously, e.g., by (Duchi et al., 2008)). Therefore, our

ADMM algorithm consists of the following updates:

Pt = Proje, (ﬁp (R+p(S' - Wt))) (4.21)
S = Proje, (1h; (R+p (P! + W) (4.22)
Wt+1 — Wt 4 Pt+1 o St+1' (423)

We run this series of updates until the stopping conditions are met. Our stopping conditions
are based on the primal and dual residual optimality as described in (Boyd et al., 2011). In our

overall algorithm, this ADMM projection algorithm is used both in the projected Quasi-Newton
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algorithm for optimizing Q (Equation (4.11])) and in the inner optimization for minimizing P;
(Equation (4.14)).

4.3.2.3 Convergence Property

The convergence rate of ADMM is O(log %) thanks to the strong convexity of the objective
(Deng and Yin, 2016). Each step inside ADMM is simply a projection to a simplex, hence
costing O(n) computations (Duchi et al., 2008).

In terms of optimization on Q, since no explicit rates of convergence are available for the
projected Quasi-Newton algorithm (Schmidt et al., 2009) that finely characterize the depen-
dency on the condition numbers, we simply illustrate the \/mmg% rate using Nesterov’s
accelerated gradient algorithm (Nesterov, 2003), where L is the Lipschitz continuous constant
of the gradient. In our case, L = —5 >, > ||XZ;€H?J +1/p.

Comparison with Structured SVM (SSVM). Conventional SSVMs for learning bipar-
tite matchings have only O(1/¢) rates due to the lack of smoothness (Joachims et al., 2009; Teo
et al., 2010)). If smoothing is added, then similar linear convergence rates can be achieved with
similar condition numbers. However, it is noteworthy that at each iteration we need to apply
ADMM to solve a projection problem to the doubly stochastic matrix set (Equation ),
while SSVMs (without smoothing) solves a matching problem with the Hungarian algorithm,

incurring O(n?) time.
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4.3.3 Fisher Consistency Analysis

Despite its apparent differences from standard empirical risk minimization (ERM), adver-

sarial loss minimization (Equation (4.3)) can be equivalently recast as an ERM:

minE ,.p [AL?;rm(x,ﬂ')} where ALY (2, ) = (4.24)

wlx~P

min max E_, 5 [loss(fr,ir) + fo(z, ) — fo(z,m)

P ™ 7|le~P
PGila) Plele) 707 F

and fo(xz,7) = 0 - 1" $(x,m) is the Lagrangian potential function. Here we consider fy
as the linear discriminant function for a proposed permutation 7, using parameter value 6.
AL?;rm(x, ) is then the surrogate loss for input x and permutation 7.

As described in Section Fisher consistency is an important property for a surrogate
loss L. It requires that under the true distribution P(x,7), the hypothesis that minimizes L is
Bayes optimal (Tewari and Bartlett, 2007} [Liu, 2007)). In our setting, the Fisher consistency of

AL?erm can be written as:

ffeF 2 argmin B, p [AL?erm(ﬂf,W) (4.25)
f

= argmax f*(z,7) C II° £ argmin Ez |z~ plloss(m, 7)].

Note that in Equation (4.25) we allow f to be optimized over the set of all measurable
functions on the input space (z, 7). In our formulation, we have restricted f to be additively

decomposable over individual elements of permutation, f(z,7) =, gi(z, ;). In the sequel, we
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will show that the condition in Equation also holds for this restricted set provided that
g is allowed to be optimized over the set of all measurable functions on the space of individual
input (z,m;).

Theorem 4.1. Suppose we have a loss metric that satisfy the natural requirement of loss(m,m) <
loss(m, ) for all ® # w. Then the adversarial permutation loss AL’;CTm is Fisher consistent if

f is over all measurable functions on the input space (x, ).

Proof. Given that f is optimized over all measurable functions on the input space (z,7), the
minimization in Equation (4.25]) is equivalent with the case of multiclass classification where
the number of class is n!, comprises of all possible permutations. Based on our analysis in

Section AL?Orm is Fisher consistent in this case. O

Theorem 4.2. Suppose the loss is Hamming loss, and the potential function f(x,7) decomposes
additively by >, gi(z,m;). Then, the adversarial permutation loss AL?erm is Fisher consistent

provided that g; is allowed to be optimized over the set of all measurable functions on the space

of individual inputs (x,m;).

Proof. Simply choose g; such that for each sample z in the population, g;(z,m;) = —(m; # 77).

This renders the loss reflective property under the Hamming loss. O

4.4 Experimental Evaluation

To evaluate our approach, we apply our adversarial bipartite matching model to video
tracking tasks using public benchmark datasets (Leal-Taixé et al., 2015). In this problem, we

are given a set of images (video frames) and a list of objects in each image. We are also given the
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correspondence matching between objects in frame ¢ and objects in frame ¢+ 1. shows
an example of the problem setup. It is important to note that the number of objects are not the
same in every frame. Some of the objects may enter, leave, or remain in the consecutive frames.
To handle this issue, we setup our experiment as follows. Let k; be the number of objects in
frame ¢t and k£* be the maximum number of objects a frame can have, i.e., k* = max;cr kt.
Starting from k* nodes to represent the objects, we add k* more nodes as “invisible” nodes to
allow new objects to enter and existing objects to leave. As a result, the total number of nodes

in each frame doubles to n = 2k*.

Figure 14. An example of bipartite matching in video tracking.
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4.4.1 Feature Representation

We define the features for pairs of bounding boxes (i.e., ¢;(x, j) for pairing bounding box i
with bounding box j) in two consecutive video frames so that we can compute the associative
feature vectors, ¢p(z,m) = > ;| ¢i(x,7;), for each possible matching 7. To define the feature
vector ¢;(-,-), we follow the feature representation reported by (Kim et al., 2012)) using six
different types of features: (1) intersection over union (IoU) overlap ratio between bounding
boxes, (2) Euclidean distance between object centers, (3) 21 color histogram distance features
(RGB) from the Bhattacharyaa distance, (4) 21 local binary pattern (LBP) features, (5) optical
flow (motion) between bounding boxes, and (6) three indicator variables (for entering, leaving,
and staying invisible).

4.4.2 Experimental Setup

We compare our approach with the Structured SVM (SSVM) model (Taskar et al., 2005a;
Tsochantaridis et al., 2005) implemented based on (Kim et al., 2012) using SVM-Struct (Joachims,
2008; Vedaldi, 2011). We implement our optimization algorithm using minConf (Schmidt, 2008])
for performing projected Quasi-Newton optimization.

We consider two different groups of datasets in our experiment: TUD datasets and ETH
datasets. Each dataset contains different numbers of elements (i.e., the number of pedestrian
bounding box in the frame plus the number of extra nodes to indicate entering or leaving) and
different numbers of examples (i.e., pairs of two consecutive frames that we want to match).

contains the detailed information about the datasets.
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TABLE XI. Dataset properties

Dataset # Elements # Examples
TUD-Campus 12 70
TUD-Stadtmitte 16 178
ETH-Sunnyday 18 353
ETH-Bahnhof 34 999
ETH-Pedcross2 30 836

To avoid having test examples that are too similar with the training set, we train the
models on one dataset and test the model on another dataset that has similar characteristics.
In particular, we perform evaluations for every pair of datasets in TUD and ETH collections.
This results in eight pairs of training/test datasets, as shown in

To tune the regularization parameter (A in adversarial matching, and C' in SSVM), we per-
form 5-fold cross validation based on the training dataset only. The resulting best regularization
parameter is used to train the model over all training examples to obtain parameters 8, which
we then use to predict the matching for the testing data. For both SSVM and our method, the
prediction is done by finding the bipartite matching that maximizes the potential value, i.e.,

argmaxy (Y, >, 65 X}) which can be solved using the Hungarian algorithm.

4.4.3 Results

We report the average accuracy, which in this case is defined as (1 — the average Hamming
loss) over all examples in the testing dataset. [Table XII| shows the mean and the standard

deviation of our metric across different dataset pairs. We highlight (using bold font) the cases



138

in which our result is better with statistical significance (under Wilcoxon signed-rank test with
a = 0.05) in Compared with SSVM, our proposed adversarial matching outperforms
SSVM in all pairs of datasets—with statistical significance on all six pairs of the ETH datasets
and slightly better than SSVM on the TUD datasets. This suggests that our adversarial bipar-

tite matching model benefits from its Fisher consistency property.

TABLE XII. The mean and standard deviation (in parenthesis) of the average accuracy (1 -
the average Hamming loss) for the adversarial bipartite matching model compared with the
structured-SVM.

Training / Testing Adv. Marginal SSVM

Campus / Stadtmitte 0.662 (0.08)  0.662 (0.08)
Stadtmitte / Campus 0.667 (0.11)  0.660 (0.12)
Bahnhof / Sunnyday 0.754 (0.10)  0.729 (0.15)
Pedcross2 / Sunnyday  0.750 (0.10)  0.736 (0.13)
Sunnyday/ Bahnhof 0.751 (0.18)  0.739 (0.20)
Pedcross2 / Bahnhof 0.763 (0.16)  0.731 (0.21)
Bahnhof / Pedcross2 0.714 (0.16)  0.701 (0.18)
Sunnyday / Pedcross2 ~ 0.712 (0.17)  0.700 (0.18)

In terms of the running time, shows that our marginal formulation is relatively
fast. It only takes a few seconds to train until convergence in the case of 50 examples, with
the number of elements varied up to 34. The running time grows roughly quadratically in the

number of elements, which is natural since the size of the marginal probability matrices P and
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TABLE XIII. Running time (in seconds) of the model for various number of elements n with
fixed number of samples (m = 50)

Dataset # FElements Adv. Marginal SSVM

Campus 12 1.96 0.22
Stadtmitte 16 2.46 0.25
Sunnyday 18 2.75 0.15
Pedcross?2 30 8.18 0.26
Bahnhof 34 9.79 0.31

Q also grow quadratically in the number of elements. This shows that our approach is much
more efficient than the CRF approach, which has a running time that is impractical even for
small problems with 20 elements. The training time of SSVM is faster than the adversarial
methods due to two different factors: (1) the inner optimization of SSVM can be solved using a
single execution of the Hungarian algorithm compared with the inner optimization of adversarial
method which requires ADMM optimization for projection to doubly stochastic matrix set; (2)
different tools for implementation, i.e., C++ for SSVM and MATLAB for our method, which

benefits the running time of SSVM.

4.5 Conclusions and Future Works

We have presented an adversarial approach for learning bipartite matchings that is not
only computationally efficient to employ but also provides Fisher consistency guarantees. We

showed that these theoretical advantages translate into better empirical performance for our
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model compared with previous approaches. Our future work will explore matching problems

with different loss functions and other graphical structures.



CHAPTER 5

CONCLUSIONS AND FUTURE DIRECTIONS

5.1 Conclusions

This thesis proposed a family of learning algorithms that combine the strengths of proba-
bilistic learning approach in its statistical guarantee of Fisher consistency, with the strengths of
large-margin approach in its flexibility to align with custom performance/loss metrics and its
computational efficiency. This also avoids the main drawbacks of the probabilistic and large-
margin approaches. Our proposed methods find a predictor that maximize the performance
metric (or minimize the loss metric) in the worst case given the statistical summaries of the
empirical distributions. We presented the formulations, theoretical properties, optimization
algorithms, and practical benefits of our learning algorithms in two different areas, general
multiclass classification and structured prediction.

In the general multiclass classification problems, our formulation can be viewed as surrogate
losses over the desired loss metrics. We presented efficient algorithms to compute the surrogate
loss and proved their Fisher consistency property. We designed efficient learning algorithms
and also a way to incorporate richer features via the kernel trick. We then demonstrated the
benefit of our approach compared with the state-of-the-art piece-wise linear surrogate losses
which includes many different forms of multiclass SVMs and their extension to many general

multiclass classification problems.
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In the structured prediction area, we focused on two important problems: graphical models
and bipartite matching. Our proposed models provide the flexibility of incorporating custom
loss/performance metric in their learning process, the statistical guarantee of Fisher consistency,
and the computational efficiency by optimizing over the marginal distributions of each model.
This benefits many application problems where aligning the learning algorithms with custom
loss metrics is desirable, for example in many natural language and computer vision tasks.

5.2 Future Directions

There are several possible future directions that can be explored by leveraging the proposed
methods in this thesis. Among those directions are: fairness in machine learning, structured
performance/loss metrics, and more general structures in graphical models.

Fairness in Machine Learning

As there are growing numbers of machine learning applications in automated decisions that
can impact people’s lives, the need to build learning algorithms that ensure fairness among
the users is also growing. This requires machine learning predictors to produce fair predic-
tions (Hardt et al., 2016} Zafar et al., 2017; Dwork et al., 2012)). From the perspective of our
adversarial formulation, we currently only enforce constraints on the adversary to match the
statistics of the data. Fairness constraints can be added to the model by also constraining the
predictor to output fair prediction.

Structured Performance/Loss Metrics

For many standard classification problems, even though the problem itself is not a structured

prediction problem, i.e., only predict single variable y for given x, the performance metric in
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which the prediction is evaluated has some structure. Some examples of the desired structured
performance metrics are precision, recall, Fg-score, Jaccard score, and ROC-area. A possible
research direction can be explored to develop a plug-in classifier for these performance metrics
that enjoys Fisher consistency based on the robust adversarial formulation. This will provide
a Fisher consistent alternative to the SVMP®"/ algorithm (Joachims, 2005). Previous works
(Wang et al., 2015; |Shi et al., 2017)) have investigated the problem for certain performance
metrics, but these approaches require significant modifications (in some cases, rewriting the

whole algorithm) when different metrics are used.

Structured Prediction and Graphical Models

The extension of the Adversarial Graphical Models (AGM) to more complex graphical
structures and more general performance/loss metrics is also an interesting future direction.
While this thesis focused on graphical structures that admit tractable optimization, the case
where exact learning and inference are intractable need to be further investigated. This case
includes more complex lattice-based graphical structures which are popular in computer vision

applications, and more generally, graphical structures with loops.



APPENDIX
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The Neural Information Processing Systems conference’s acronym changed from

NIPS to NeurIPS in 2018.

All NIPS/NeurIPS authors retain copyright of their work. You will need to sign a
nonexclusive license giving the NIPS/NeurIPS foundation permission to publish the
work. Ultimately, however, you can do whatever you like with the content, including

having the paper as a chapter of your thesis.

A.2 Copyright Policy of the International Conference on Machine Learning

The International Conference on Machine Learning (ICML) conference’s proceeding

is published by the Proceedings of Machine Learning Research (PMLR).

The Proceedings of Machine Learning Research (formerly JMLR Workshop and
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research presented at workshops and conferences. Each volume is separately titled
and associated with a particular workshop or conference and will be published online
on the PMLR web site. Authors will retain copyright and individual volume editors
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Challenges in Machine Learning series which includes free PDFs and low cost hard

copies), but PMLR will not produce hardcopies of these volumes.

A.3 Copyright Policy of ArXiv

Our paper (Fathony et al., 2018c)) is published in arXiv with the “non-exclusive and

irrevocable license”.

ArXiv does not ask that copyright be transferred. However, we require sufficient
rights to allow us to distribute submitted articles in perpetuity. In order to submit
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e grant arXiv.org a non-exclusive and irrevocable license to distribute the article,
and certify that he/she has the right to grant this license;
e certify that the work is available under one of the following Creative Commons

licenses and that he/she has the right to assign this license:

— Creative Commons Attribution license (CC BY 4.0)
— Creative Commons Attribution-ShareAlike license (CC BY-SA 4.0)

— Creative Commons Attribution-Noncommercial-ShareAlike license (CC BY-

NC-SA 4.0);
e or dedicate the work to the public domain by associating the Creative Com-

mons Public Domain Dedication (CCO 1.0) with the submission.

In the most common case, authors have the right to grant these licenses because

they hold copyright in their own work.
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